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SARDAR PATEL UNIVERSITY , VALLABH VIDYANAGAR
SYLLABUS FOR B.Sc.(MATHEMATICS) SEMESTER - V
USO5CMTHO04 ( Abstract Algebra - 1)

THREE HOURS PER WEEK (3 CREDIT)

Effective from June 2012
Marks:-100( 30 internal+70 external)

UNIT-1 Binary operations , Definition of Group and examples , Laws of expo-
nents , Subgroups : Definition and examples , Centre of group .

UNIT-2 Cyclic group : Definiton and examples , Cosets of subgroup , La-
grange’s theorem ,Index of subgroup , Euler’s theorem ,Fermat’s theorem .

UNIT-3 Isomorphism : Definition and examples, Isomorphic groups, Auto-
morphism , Inner automorphism , Homomorphism :Definition and examples ,
Kernel of homomorphism , Normal subgroup , Simple group , Commutator sub-
group , Quotient groups , First ,second and third isomorphism theorem .

UNIT-4 Direct products : Definition and examples , External direct products
, Permutation groups , Transposition , Cycle , Signature of permutation , even
and odd permutation , Cayley’s theorem for group .

Recommended texts :

N.S.Gopalakrishnan, University Algebra, second Edition, Wiley Eastern Ltd.,
New Delhi 1994. Chapter 1(Except 1.12, 1.13 and 1.14), chapter 2.

Reference Books :

(1) I.N.Herstein, Topics in algebra.

(2) Asha Rani Singal, Algebraic structures,
(3) J.Whitesitt, Principles of modern algebra.

SARDAR PATEL UNIVERSITY
B.Sc.(MATHEMATICS) SEMESTER - V
QUESTION BANK OF US05CMTHO04
( Abstract Algebra )

Effective from June 2012
Marks:-100( 30 internal 4 70 external)

Unit-1

(1) Define Group , Semigroup , Subgroup , Order of group .
(2) Check whether the following sets forms a group or not.Verify it.
Is it commutative 7 .
(i) (Z, %), where « is defined as axb=a+b—ab Va,b € Z.
(ii) (@ — {1}, %), where x is defined as axb=a+b—abVa,b € Q — {1}.



(iii) (G, *),where G is a set of all subsets of R and * defined as
AxB=(A-B)U(B—A)VABEeQG.
ie AxB=(AUB)—-(ANB) forall A,B€G
ieAxB=AABVYABecG
(iv) (Z, +)
(V) (Z;’ )
(vi) (G,.) where G ={% 1,+£4}.i.e G = fourth root of unity.
(vii)(G, -),where G = {e, a, b, c} and the operation defined by
= =c2=e’=e, ab=ba=c,ac=ca=»b, bc=ch=aq,
ae=ea=a, be =eb=>5, ce =ec=c.
(viii) (Ma(R), +)
(ix) (G, ) , where G is set of all 2 X 2 non singular matrices .
(3) Prove that every group has unique unit element.
(4) In group G ,prove that every element of G has unique inverse.
(5) State and prove cancelation laws for group.

(6) Let G be a set with binary operation which is associative.Assume that G
has a right unit element, and every element of G has a right inverse. Then
prove that G is a group.

OR : Let G be a semigroup.Assume that G has a right unit element, and
every element of G has a right inverse.Then prove that G is a group.

(7) Let G be a semigroup.Assume that,for all a,b€ G,the equations
ar =b and ya =10 have unique solutions in G.Then prove that G is a
group. |

(8) Prove that Z is a subgroup of (Z +).

(9) Prove that a non-empty subset H of a group G is subgroup iff
able HVY abe H.

(10) If H and K are subgroups of group G then prove that H N K is a subgroup
of G.
OR : Prove that intersection of two subgroups of a group G is also a
subgroup of G.

(11) Prove that intersection of any number of subgroups of a group G is also a
subgroup of G.

(12) Prove or disprove:Union of two subgroups of group is also a subgroup.

(13) Let H be a finite subset of group G such that ab € H whenever a,b €
H.Then prove that H is a subgroup of G.

(14) For any group G,prove that the set H = {z/z € G, za = az, Va € G} is
a subgroup of G.
OR : Prove that Z(G),the centre of group G is a subgroup of G.

(15) Prove that group G is abelian iff G = Z(G).

(16) Let H and K be subgroups of group G.Then prove that HK is subgroup

o Gif HK = KH. |

OR : Prove that the product of two subgroup of group is a subgroup iff

they commute with each other.

OR : Let H and K be subgroups of group G.Then write the necessary and

sufficient condition for HK is subgroup of G.Also prove it.



(17) Let H and K be finite subgroups of group G such that HK is a subgroup
f G.Then prove that O(HK) = OUH)O(k)
o Laen P - O(HNK)'
(18) For group G prove that
Q) (@)t =a (i) (ab)' =b"la™?

USO5CMTHO04
Unit-2

(1) Define Cyclic group .
(2) Check whether following groups are cyclic or not .
OR : Find generators of following grrloup,ilf possible
1
(i) Z (i) {£1,+£d}(iii) Z, (iv) {é, 17 1,2,4,8,...}
(3) Give an example of finite cyclic group. Verify it.

(4) If G is a cyclic group then prove that G is abelian.
OR : Prove that every cyclic group is abelian.
OR : IF G is non-abelian then group then prove that G is not cyclic.
(5) Let G be a cyclic group and H,a subgroup of G.Then prove that H is
cyclic.
OR Prove that every subgroup of cyclic group is also cyclic.
(6) Prove that any subgroup of an infinite cyclic group is also an infinite cyclic
group. _ '
(7) Prove that every subgroup of Z is of the form nZ,for some n € Z.
(8) Let G be a finite cyclic group of order n.Then prove that G has unique
subgroup of order d for every divisor d of n.
(9) Prove that an infinite cyclic group has exactly two generators.
(10) If G is cyclic group of order n and a™ = e for some m € Z then prove that
n/m .
(11) Let G be a finite cyclic group of order n ,then prove that G has ¢(n)
generators. | :
(12) Define order of element in group G .
Find (i) O(i) in C* (ii) O(2) in Z (iii) O(3) in Z
(iv)O(i),0(-1),0(-1) in {41, £3}.
(13) Let G be a group and a,b € G such that ab = ba.If O(a) =n, O(b) =m
with m,n relatively prime,then prove that O(ab) = mn. -
(14) Define right and left Cosets of subgroup , Index of subgroup .
(15) Let H be a subgroup of group G.Then prove that G is the union of all left
cosets of H in G and any two distinct left cosets of H in G are disjoint.
(16) Prove that any two left(right) cosets of H in G have the same (finite or
infinite) number of elements.
(17) Let H be a subgroup of G.Then prove that the number of left cosets of H
in G is same as the number of right cosets of H in G.
(18) State and prove Lagrange’s theorem.
OR : Prove that the number of distinct left cosets of H in finite group G
0(G)

is equal to



OR : If G is a finite group and H a subgroup of G,then prove that
O(G)=0(H)(G : H).
(19) Let H be any subgroup of group G.Then prove that
(i) aH=H ©acH
(ii) aH =bH &b lacH
(iil) Ha=Hb & able H
(20) State and prove Euler’s theorem.
(21) State and prove Fermat’s theorem.

USO5CMTHO04
Unit-3
(1) Define Isomorphic groups . Group homomorphism ,Group isomorphism ,
Group automorphism , Inner automorphism ,Kernal of homomorphism .
(2) Let G' = {1,p,0% ...,0"" '} be the multiplicative group of n-th root of
unity,
where p = €™/ Then prove that Z, ~ G'.
(3) Let G and G’ be two isomorphic groups,G is abelian then prove that G’
is also abelian.
OR:Prove that isomorphic image of abelian group is also abelian.
OR:Prove that homeomorphic image of abelian group is also abelian.
(4) Let 6 : G — G’ be an isomorphism of G onto G’.Let e and e’ be the unit
elements of G and G’ respectively. Then prove that
(i) O(e) = ¢
(ii) (a~!) = 6(a)~!, for all @ € G.marginpar4
OR:Let 0 : G — G’ be an homomorphism of G onto G’.Let e and €’ be
the unit elements of G and G’ respectively.Then prove that
(i) O(e) = ¢ ‘
(i) 6(a™!) =6(a)™t, V a € G.
(5) Prove that any infinite cyclic group is isomorphic to Z.
(6) Prove that any finite cyclic group of order n is isomorphic to Z,.
(7) Let G be an infinite cyclic group.Then prove that G has only one
non-trivial automorphism.
OR:Prove that every infinite cyclic group has only one non-trivial
automorphism.
(8) Prove that any group of order 4 is abelian.
(9) Prove that 6 : Z — Z defined by 6(n) = —n is an automorphism of Z.
(10) For any abelian group G,prove that § : G — G defined by
0(a) =al, V a € G is an automorphism of G.
(11) Let G be a group and z € G be a fixed element.Then prove that the
mapping i, : G — G defined by i;(a) = zaz ™! is an automorphism of G.
(12) Let G = (a) be a finite cyclic group of order n.Then prove that the map-
ping
0 : G — G defined by 6(a) = a™ is an automorphism of G iff m is relatively
prime to n. ‘
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(13) Prove that the following mapping is a group homomorphism.
Is it one one?ls it onto?
(i) 0:(R,+) — (R*,-) defined by 0(a) = 2°
(ii) 6 : Z — Z, defined by 0(a) = a
(14) Prove that homeomorphic image of cyclic group is also cyclic.
(15) Prove that a homomorphism 0 : G — G’ of G to G’ is an one-one iff
Kerf = {e}.
OR : Prove that a homomorphism 0 : G — G’ of G onto G’ is an
isomorphism iff Kerf = {e}.
(16) Define Normal subgroup ,Simple group , Quotient group .
(17) Let 6 : G — G’ be a homomorphism.Then prove that
(i) Kerd is a subgroup of G.
ii) Kerf is a normal subgroup of G.
iii) 6 is one one iff Kerf = {e} .
rove that every subgroup of abelian group G is normal in G.
rove that a cyclic group of prime order is a simple group.
rove that a subgroup H is normal in group G iff zH = Hz V z € G.
tate and prove First isomorphism theorem.
et G=2, G ={z/z € C, |z| =1},then prove that G/Z ~ G'.
et 0 : G — G’ be a homomorphism of groups.
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G'.If H is normal in G and 6 is onto then prove that H’ is normal in G’ .
(ii) If H is a subgroup of G’ then prove that H = §~1(H’) is a subgroup
of G.If H’ is normal in G’ then prove that H is normal in G.
(iii) If further 6 is onto then prove that G/H ~ G'/H'.

(24) State and prove Second isomorphism theorem.

(25) State and prove Third isomorphism theorem.

USO5CMTHO04
Unit-4

(1) Define Direct product of normal subgroups , Direct sum of subgroups ,
External direct product of groups , External direct sum of groups.

(2) Let G = (a) be a cyclic group of order 6 H = {e,a?,a*} , K = {e,a®}.Show

that G = H x K.

(3) LetG = {e,a,b,c} be the Klein 4-group,H = {e,a} , K = {e,b}.Show
that :
G=HxK.

(4) Prove that external direct product of two groups forms a group.

(5) Prove that G is direct product of subgroups H and K iff (i) every z € G

can be uniquely expressed as x = hk , h € H k € K (ii) hk =kh , h €
H,keK.

(6) Let G = R®R with operation defined by (a,b)+(c, d) = (a+c, b+d).Show

that G = R & R is the additive group.
(7) Show that G = Zy X Z, is the Klein 4-group.

OR: Prove that the external direct product of two cyclic groups each of

order 2 is the Klein 4-group.

i) If H is a subgroup of G then prove that H' = 0(H) is a subgroup of
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(8) If G is a direct product (internal) of subgroups H and K ;then prove that
G is isomorphic to the external direct product of H and K.
Conversely, if G = H x K is the external direct product of H and K
then prove that H and K are isomorphic to subgroups H’ and K’of G
respectively and G is direct product (internal) of the subgroups H’ and
K.

(9) Let G = H x K be a direct product of H and K ,then prove that the map-
ping py : G — H and px : G — Kdefined by pg(h, k) = h and pg(h, k) =
k are group homomorphism whose kernels are respectively
K'={(ey,k)/k € K} and H = {(h,ex)/h € H}.
In particular G/H' ~ K and G/K' ~ H.

(10) Define permutation on n-symbol ,Transposition , Cycle , Signature of per-
mutation .

(11) Prove that product of two permutation need not be commutative.

(12) Prove that the set S, of all permutation on n symbols forms a non-
commutative group.

(13) Prove that S, is a finite group of order n! .

(14) Prove that every o € S, can be expressed as a product of disjoint cycles.
OR: Prove that every permutation can be written as a product of disjoint
cycles.

(15) Prove that every o € S, can be expressed as a product of transpositions.
OR: Prove that every permutation can be written as a product of trans-
positions.

(16) Prove that the mapping € : S, — {—1,1} given by o — €¢o is a homo-
morphism of S,, onto the multiplicative group —1, 1.

(17) 0 € S, be expressed as a product of transpositions.Then prove that the
number of transpositions in the decomposition of ¢ is either always odd
or always even.

(18) Prove that the set A, of all even permutations forms a subgroup of S, and
is a normal subgroup of S,,.

(19) Prove that O(A4,) = %— and S, /A, is a cyclic group of order 2.

(20) Which of the following permutations are odd.

(i) (123)(456) (i) (1 2)(25 36)(13 24)
(21) Express the inverse of cycle (1 2 4 5 3) as a product of transpositions.
(22) Express the following permutation as a product of disjoint cycles

(i)12345678(ii)123456
23457681 23465 1)

(23) State and prove Cayley’s theorem.
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v SARDAR PATEL UNIVERSITY
B.Sc.(MATHEMATICS) SEMESTER - V
Multiple Choice Question Of US05CMTHO04
( Abstract Algebra -1 )

Effective from June 2012

Unit-1

Que. Fill in the following blanks.

(1) Additive inverse of 2 in Zg is ..........
@1 (®)3 (©2 (d4
(2) Multiplicative inverse of 5 in Z7" is ..........

(a 3 (b)6 (c)2 (d)1

(4) Multiplicative inverse of 2 in Z7* is ..........
(@ 3 ()2 (¢)4 (d)1
(5) In Klein 4-group G = {e,a,b,c} ,ab = ..........
() e (b)b (c)c (d)a
(6) In Klein 4-group G = {e,a,b,c} , ¥*> = .........
(a) e ()b (¢)c (d)a
(7) In Klein 4-group G = {e,a,b,c} , abc = ..........
@ ¢ (b)e ()b (d)a
(8) In group G, (ab)™! = ..........
(a) ab (b) b7la! (c)a”! (d)at+b7!
(9) In group G, (aba ')l = ..........
(a) aba* (b)a'b7'a (c) ab~'a! (d)a'ba
(10) Every group has atleast .......... subgroups.
(a 3 (b) 4 (¢)2 (d)1
(11) Z,* forms a group if n is ..........

(a) 6 (b) prime (c)4 (d)1



(12) Z,* forms a group if n is ..........
@ 6 () 7 ()4 (41
(13) Centre of Z is ...............

(@) 2 (b)) 2 (N (@)1

(14) o is called trivial subgroup of group G .
@) G (b) {e} (o){e,G} (d){0}
(15) oo is subgroup of (Q,+) .

() C (b) R (¢)Z ()N

(16) wvvveiiicecein is subgroup of group {z € C / |2| =1} .
(@) {£1L,£2} (b) {£2,+i} () {-1,—-4 (d){£1,+4}

(17) A nonempty subset H of group (G, +) is a subgroup of G if .............
(a) a—-beH (b) a+beH (c)ableH (da-beqG

UNIT-2
(18) Cyclic group of order 5 has only .........c......... generator .
(@) 6 (b) 4 ()5 (d)1
(19) Cyclic group of order 6 has only ................... generator .
@ 6 (b) 5 ()2 (d)1
(20) coiii is generator of group Z.
(@) -2 (b)3 (c)-1 (d)2
(21) i is generator of group {#1, +i}.
@ 2 (b)-1 (1 (d)-i
, 111
(22) o, is generator of group {g, bt 1,2,4,8,...}.
1 1
z 9 nd
@ 5 B ©2 @;
. 111
(23) oo is generator of group {g, L 1,2,4,8,..}.
1 1
= b) 1 2 d) -
(@) 5 ()1 (o (d) 2
(24) o is generator of group Z, .

@ 0 (3 () I (d) 2

(25) i is generator of group Zs*.
@ 3 (1 (94 (d) 5

(26) oo, is generator of group Zs*.

(@ 0 (I ()4 (d) 2



(a) 0 (b)3 (c) infinite (d) 2

(31) O(i)in {£1, %} is ceovrrnene
(a) 4 (b)1 (c)i (d)3
(32) O(-i) in {£1,%i} is eoeenenn.
a) 3 (b)4 ()1 (d)2
very infinity cyclic group has exactly .............. generators .

a) 3 () 1 () 2 (d) 4

tlj/\

(33)

~~

UNIT-3

(34) Every group of order ......................... is abelian group .
@ 2 ()5 ()4 (d)6

(35) Every noncyclic group of order 4 is isomorphic to ................
() Klein 4-group (b)Z (¢) N (d) Z4

(36) Every cyclic group of order 4 is isomorphic to ...

(a) Klein 4-group (b)Z ()N (d) Z,

(37) Every infinite cyclic group has exactly ........... nontrivial automorphism.

@ 2 ()3 (94 (d1
(38) Homomorphic image of abelian group is ............
(a) simple (b) cyclic (c) abelian (d) 2

(39) Every group has atleast .......... normal subgroups.
@) 3 (2 (4 (d)1

(40) If H is any normal subgroup of G then ...............
(a) Hx=Hy (b)Hx=xH (c)Hx=H (d)xH=yH
(41) A homomorphism fis ..o iff Kerf = {e}.

(a) one-one (b)onto (c)isomorphism (d) automorphism



(42) Every subgroup of ............ group is normal subgroup .

(a) cyclic (b) nonabelian (c)abelian (d) noncyclic

(43) Every cyclic group of .......... order is simple group .
(a) 4 (b)prime (c)6 (d)1
(44) Every cyclic group of .......... order is simple group .

(@) 4 ()7 ()6 (d)1

(45) External direct sum of Z5 18 ..oooeeviiniiinne.

(a) Klein 4- group (b)Q (¢)Z (d) Z,

(a) Klein 4- group  (b) cyclic (c) commutative
(47) Order of Sj is .ccceeneee

@ 3 (b12 ()24 (d)4

@ 1 (b)-1 ()2 (d)-2
(49) Order of Ay is .ov..........

@ n ()1 (c)nl (d)nl/2
(50) Order of Sp/Ap i ...

(61) Sp/An IS cevvenenne. group.

(d) noncommutative

(a) commutative  (b) noncommutative (c) noncyclic (d) cyclic

(52) A permutation o is said to be even permutation if signature of o is

@ 2 (b)-1 (1 (d)-2

53) A permutation o is said to be odd permutation if signature of o is
g

(@ 2 (b)-1 (¢)1 (d)-2
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Yy poperfy | i}

| For angae-115 3 be@ {1ﬁ 3]

f Q#b =0-bxa_

; NOW Qb=

%' = atb-ab=o0

i 2> b@-a)=-9

> b= - € @-31¢ (- ar1)

' a-1

L Thup a'= % e @w-{13
79 Q-1
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Woeee: 1t ()

also  axlb =at+tb-ab = bta-ba= hxaq.

L ItiS COMMUWANYVE oroup-

C) I €o; t)_,'u)here__'aé_fsgebin ed by

CQxb= catb+ab.

S0l - Cleorfu axb:z atb+ab @ W abe@.

! I

. % IS hnom QQMOI}__LQ,Q___—___
m AsSSodi aitVe Pmpeﬂ-u

(axb) xC = (a,+b+o.&xsc

= atbtab +c+_ch+b+alo)C

, = _atbic +a/!o'+b'c’-+ac+aJoC-
celbxc) = ax(btctbO)

= Qrbtc+bC+a(btCtbl)

= atbtcrOb+ bctArCt ke

Thuuw, @*b)*c'z'a* Coxc) .

i @2) Iden/t:ig/ Property -
| __For ang ae® ?eeQQ O%€ = g -exq.

axC=

2 at+eral = a .

> atrelita)=

:(} ecllta)=0

> e=0€Q@

Thwy =0 (S ,’derz,t—v'kg QJemen/to:é (Q.*)

L ,ﬂ@ Imvecs_& property s~

|

For any aeQ. 3 &EQ 2 Qb= a-bxa

o W_#a_abbﬁoﬂ_bxou

e Nty oeb=20
i .= O tbtab=0

= at+hblita) =0




4/ sata: 1 f (@5’ »

5b:-0_ ¢ o dorori

1+O.

‘M I NVerse mrop QfHﬁ 18 NOF \faHShrod - Hor

| o=-1

It oLo% nor fhorm Q&R . groln.

oA oxb = ot+b rakb = loga,+ba_ koL C Q.

T P+ S commutative semi{l?rou/p N

| 1dentiry. .
o J
f\\j}( L Q-1-14), *37. |
<Sof ™i- Inverse mmp@r% hrom alove e/x.
b=-a € (v at-1)
1o

() let G be mae,ro@w Swhbself o R & %

d%imd b(ell- A*B = AUB .Y A,BEG
Ssod-

clearly axB= AUREG N ABEG -

— - ‘ .
%' Tis binary agperaHon’(: .

1D Associarye jporoperty |-
g ore
For- A, g.celx

L.HS. [Ax— R xC = [AUB)UC

= AUCBUC)

= aAx(axc)= RS,

@ Iclenrity property :-

For any Aeck Jﬂ ECG o AXE=Z A=ExA .

AxE=A, X Ac T -

AVUE=A, Y AcG -

3
1 = E=¢ eG-
¢

Thun ¢ is identtty Agyor CG o *)
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For angy AEG 9 BER 3 A*B=(‘/§‘B’<‘A~
Here Hor onu non @wcﬁ we.
camaoraé@dggﬁfga_Le g i-e pAxR= P
[-C.. A¥RB£@ ¥ Bex , AeG. (’nor)-e.m/pw/)‘
Thun inverte property 1S not QotHshred .
. TF doen NOr AA0rm oo omufo .
M&_AM_MB_&AB_*QQA_ALAL&EGL_

. TF 1.8 COM M utatINve. sery \c/}rowp
@Jﬁv__LC/_@/j_’DHHJ_. .

—

—

@) A*B= AnB., Y A BEC -
SO i Hint .-
Idefbhf-q prop.
For any A€G J EG 5 AxE=A:
Ax E=-A
i P ANE=A

_ ’5> EFE=R. €G-
M@ is fdentity mor an*)

Inverte . -
For any peG T BEG 5 AxB =R GXA
Hence -por any properset AE€G , ot
cannor Hind BeG -9 AnB=R (€ A*B=R.
2. ArB FR. YR eG, AEG:
[pf‘Opef {%5&& G'*b@
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s x;b_e;m\; " M%;saé« R alf

He_ {n coXhreet (M

N ﬁx—/f‘ !
\j_/ @t i R~ 9 AR 5\3&»\\,&%:\ -
e e A N =T \—IH - E.Q__{R —~§&M — >
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Ler R* berbe &%o'-g atl _nonzere reol

| nqmloerzs and. opercu-'f_on/ ‘%' 1S depined

an a*b=4wb,v a,;bGR;*-

ﬁ
1

C)Qor!q ax b= —abCR/ ValoCFQ

\ (‘J
. ek-’- 1S bsnarq op@,ra,(-ov‘

(D) Asso o Ve Rroperty ! |

Vel /' 7
(CL*b)-Jk—C ._gJo\ (. = QL—GM“
~ 7 (277 T 2\

ak CoxC) = Qx
AN

/Q) [ohon/tlm -

For oné: acr* —'f beR, 5 axe=a

—al=C

=2

(- ¥l

:> .
2

Q) Inverce ,Dr\@./o

For. angy oLe R* HbeR, 5 a#b=-0

Oocb =
| > fab=2
= ab =4 3
' > b= 4 e R* [~ o)
> gl &
5 (& S
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L= J_aJo ba bxa  tcyube R,
(9) =411, *L} OIFh. + or.
2
(Ler G be Ihe 4+ roor ak unity ) _
Sal Here. por 1,-1E€G but 1t C1)=0 EG-
- Thuvy '+! ZMO_/“_bl_rz_a_f\_Z;Lo,g_eLam orLin G-
- It oloennorporm augroup. _
__A8) G=<£+1,tl% oirh.
P .
IR A |
1 1 -1 T -z B
-1 | -1 1 -T__ L
] L L. -z -1 1
I Y AN N SR AN SRS
___From cdbove. roble  coe can eanily say rhat
!'o' :‘wama%L.apetatzon INGaldo Hrom rhe. -
_rable we can eadily say mart Q.Cb: c)=Cab)-C,
¥ Q. b,C G from e raole 1S rhe roleru‘“thL
element for G- |
Also Arom the a/bowe rcz/ble ae. 5%0&
I IS EN D IS B D N ted SR I -
o Thun Ik porowvs agrowp- .
SO [F IS commitaia Ve
R | R o S ,
¥_ _(1(1),_5_8.5 G be rbe @ec__%o,u tve_jnregers e G=N.
land 's' is depined bg_wczf&_bﬁ = maxsa,bi, Va,beqj
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H@;a O»teb mqocfatéfx :aor\b CG

L '% s binary ODQJ‘QMOTL n CE—

1
) ARS0CIaUHVE Orop. !
| _(axeb)xC= mania,bd *xC

= qu{’maf)t {quoﬁ, C%f

= maXda, 6,ch.

cu(\@*c) = Q¥ Mmancs b, Ch

= _mant 3., max Lb)%

Tluun (Gxb) x ez axCo*xC).

(Q)ideluﬂ#u Prop -

Faronq ac (e Ef eecG 5 Oxe= o

> ma/x{cw@fl a

=2 B=1eG-

)
I
i
[
i
i
i
1

v

\M’wwz, Abhelx D

0
,KJ”L W\qsg’{vl\\oge« e

) Inverse prop::

Cx XL % |

i
i
1]
!

i

| Farang aec [F bec 3lx ~

] — _ , ‘s\\zd:._\iwvﬁbass,
| axbl vyazleG vhbe

e manc a6y +1 | Y AT

Inverse property deep ot gorispieol

|
i - It cloesr nor ./ii}orm a__groa,o‘
!%Hso (EiS commutod14ve hecode

C(ge;b = mowc-f‘cqbﬁ = ma/x{lo,aj ,\7’62(6561.

= b*xC_

axb= min{a b%.

i o Identity property -

1; Forany oaeG § e€G I3 ax€:=d
!
i axe =c = BN SEIS

(3 minfaes=a. , Bl

1 <
T i
g . . .
-bEt c0e cannot finct anyg. il value oze

o

L
”l s T2 o~ B
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Tdent+itu propert+y ;s nolt soHsAreod N
< 7 [ w [ 74 .

-.:3’15, Inverse prop. -
Srnce jdentifuy olement doerx nor eu‘s#/,

iNnverse rop: 1 not SaHshieol .

ThUb it eannor porm Growp:
T=1S caummuramHve oibh dmjroupa

@3’ Let G=<L€,a,b,ch bethe set with fHour
elemenid. . depined a binary operarion’’ inG

b&,; »bo:(,LQa)mg table

\r AT «le a b c
e 1 e a b
ala e € bh
b | b C_ €6 a
clc b o @ -

Ccheck tor (Gys).. .

st From rhe_aboul rahble, we say rhak
given operation 1S binorj operaron.: |
aldo i{)mm rhe_rable we &g_ﬁhab‘
(xy)z = axlyz) Y 14,7 €G: _
brom rhe rable e QY rhar e’ 1Srhe

J'den,Hig elemeni—
prom rhe rable € SaY rhat”

e'-e, ala vl=b, cI-c.
. Cdno_prom the rable  we say.thak -
! xg=gx YooY €G- — |

i
——

e L Thun, CGyr) IS commutative group
group Wy knoton. as

|

#| Remark:- Above
| ‘klein a-growp”.
T
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G= faibrc,d g ~clegine. operaHon.in (@ bé;_ ,_

U

n/houowfr}‘q’ rable. -

‘; - la b __c d.
|
| |l a b ¢ d
’ b lbh c ¢ L
c lc_d d a
il b o c
\so1 v - |
From rhe table wde say rhat 8;‘ven
_operaton (b _binary operarion. '
Hrom rhe roaple _w@ $ay rhat
(b)) oL = ccl =
buﬁ-b(bd)‘tia)~
Thuy (bo)d £ bled).
- T 0eD NOF 4HOrm Q. group: .
Hrom rhe toble, 60€ oty rhoakt 'a’ 1S rhe
dentty element -hor G- '
Hrom H’)Q rabie |, e =\
?/“ -1 ‘
o= = O-_and b LA notr poxdible.
: [t (S _nor commurave _an colza buktdes=d
| | |
(7_) G 15 rhe _SerOh _all 92x2 real modkncer
\ Rt operatton '+ [ Mo(/l),f-'_).
Ay f N 9 /
O’l - wWe know rhat,
-—q’

Mo(CRr)= [ rab

(Lol T aseaen]

el
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i (@ )(

rig
Clec g,

A+B =

[ 4 tdg

b+ b2 7 E_Mo(R)

Ci1+C

o, + d2

!

+' i binozf operaHon 4or My (R)

£ ASSociarve .oro.oerfél/ =

Ea\+ra)+c- [aﬂ‘% bt*f>27+f% 637
l_ G to dp‘dzj [Cg d{;]

_[@ra)ta; Gitba)rbs ]

N (ra)ra (outar)rds |

[ atCata) biCortbs) |

| ctCata) ditldsrdi)d

= A+ (CB1C).

¥ Tden1y property : -
\_J / \J

€ M, (R

N

foo}
J

o 0O Mmoo 1s ad d./'HL\Le.__jd@nj-f‘g_,_ )

* In yer&Lpropeffq

i

aloo AtO=0tA=A ¥ AemM,(R)

_Clear j’ AtCA) = CA+A=0-
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l

¥ (20mmu,rou1ve ©CopR e/f(cj

ArB= | Qutoa, 6+ bs

G+ Atdy

U

A, + Ay bt b,

Cz‘f'q d, +A

= BtA Y AB EMIR).

Thud [ rMCR) +) 1S O cammutalive 9 rovp.
2 7 ' | G |

CMZC&); ') - :
\r/ 7 V4 . } . .
Hinri-  Thverse prop. 1S Nnot sakshred
because.

A= [ 1 1]

| oo
rhen A'= L. [odyAl -
1A] .
but [Al=

L AT nor _posoible.

£ b Ler (& be rhe sef 0f otk 2x2 non singular

L || matncey rhen prove rhat~ CG,-) /s _a.
Jgroup. LS 1+ commutaHue 7.
\S()"f? -

Here G’-=1§ [-O“bf/&b’c' @'Q’;
C L ol adoczo

Let/—\=[0461/ BfazbZJ
e o) © L g dpd ¢
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then (Al 0, IR&1#0 _[cltO.

Clearly,

A= | %%+ 5 & abaibods | g

Co,+ 4G  Gbsrt d‘le/

‘ (" 1aB) = 1A118] £0
Thun "' (s a 6inarg operaton ;in G-

x  ASSOCIoHVe  property -

MQ&LQQQQQL%‘ Ve,

e Car)c= ABY Y A,B,c &G

LOC_Kknow that Modrx mulhpgc_afj_@?_@_ _

% Todentirty propertt - -
k LA B perty

o ler I1-= / 1 0]6 &
0 1 ;

oA AlL= A=1A.

[ Thub,

Lo td Hhor G

| % Inverse property -

porany

'—_A = f Ay ;’7‘,,&*6_ G;_.‘_ﬁ_rhea.‘__[A/_,ﬁ__b.;__

Lo e

A= L [aoi Al

TA]

L= [1 O? C—‘G_ (S :’demz':j/ mouna



_ J%’am L WOV
| i -bG | —a  q
i
amo, 1A'=t (e -ba)=1%0.
ayy-b1G
- A»’"gﬁ-,

ond_

Anl= = 4AlA

== CGut) IS a group.

OANO FTEIS NoE mmmafcu-fvtb :
becaune 4or A= 1 2 1 ﬁ@‘[&olé(
- Y R S

Ar= [ 2 47 anot RA= r:% A ]

| -3 ¢ | -2 6

Thua ABERA.
o @8) Ler h X re
|

matricey (ith derermminant 1 rhen

I"K LF abmmumﬁve 9

prove rhat (G,:) parmi o gcag,c_)

Here fo[ab7 [ a,b.co0leR

. L -

andl .od-bC=1

tez A= {1 2%  p=[o-5]

1 31 L-l\a_{l‘

C= /4“266

L1 3]

Jf_'w,;'_

(Al=1, )1R1=1,[Cl=1_
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Clearlg

AB - 2-2 -S+6

2 -3 -5+@89

[ O 13@&

\

-1 4 |

Thay, '’ ;s b:nhrﬁ_ageraﬁmcnﬁ.

6O AssociaHVe Dr()@m@

™~ oy st fYLuJJ"IDLI caﬁon, 7S al,uua Ys

aNoUAHVE -

e (AB)C=ACBO ¥ 5,B,CCG.

ij IOLem-i(j poroperty -

Ler T= |

aloo_ _AIL= A=IA_

Thu/\ Ir'=[1 0] G s }de_ntf_'g/;,m_am;&;

L © i“/ @O_Y‘_G:«____

C;ﬂ Inverse property !-

wor any A= [ 1 /2] ¢ .




it S Wgny; " /(\‘}
lj : (JLOO £ 15 naot pom(LraJ-z\re
| becaune fHorA={"1 9] ,—--.re)rl"Q._ -5 ]
i [ 13 T‘"I Gj
i then AR = [ o ]
o | 4
and. RA=[ -3 -11
o 1
Thun AR+ BA
dq) ler G be rhe sero all nonﬁeoaHve
i rrLbeqerg KNUSOH and ooera,f—mn '’
'S de;blh.o,d by Qxb: Ol-b‘o' Ya.berR
| ("h@cb Hor F&‘—,*3
$91 ! _Clearly a,*b_ ot bZcr Y abcr
‘ | ¥ aub’baaahv& prof: '
(Outbth~ (azkbﬁ*c
o = (aer—ba}
QxlboxC) = ax( hqpcr‘)
= a “t (b?PCeQ
Thup, (Qxb)xC £ ax(o*xCQ) .
| cuaooocu-u(\e prop. is not ((cuﬂ‘/vQQL_.
’ X Idefu"'i'u orop:-!- ~ _
/h()l" ang ael?« th@,ne docetrnokr 6o s
e 95 Qx€e. = Q + e = QL -
o TIdensity prop- I'S nor samspiec
| Hence /‘mgjgr\se :/ t c e
l L Tt 1S NOF group:
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o001+ S

-

M¥r) = m%—"l2= /1(7"”7 n%-/ﬂk\/ m, ne
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tet zm be rhe sop O r\‘O,@[d(LLQLOAX)_QQ_*‘ _
moclute _rm ( inreger modulo m) degine

_i_l

wh ere(l CTJ-\’; = _remaunder ainrajned

| _when a+b ouided by m.
tohere a+b=C (modm)
sot]l:- , __ -
i Here 7., ke rhe_ser % reordy clandely.
modulo m |
+ {9 3 --- m-2 -1
o { &5 3 ---*m-=2 m-1
1 2 & 7z ---m-I D
o 3 4 g --- O 1
3 £ < 6 -1 2 _
ol s e m1. 61 - - -m-a  m3
.*,,. mA | me_ o 1 2 -- -m3 mg
brom rhe abouwre rable , uwe Say tFhal”
~'+! (s binary operaron. in 2,
QDO _Hrom he pable. wde Oaﬁ Fhat
_ amoclaHve. prop. s saHspiedl _
’ e (atb)tC = atrCbtd) ¥ a,0,C62Zm.
~ Uearly G ECmm iS idenbty elemenl” .
S S mm,.,_,tb“@(_,t_ab)e,_ L. «;Sggw,:t;aﬁ,___a.,._,_,_,_,W_,,__-,
|l oro=_0O _ |
________ W I+lm2y=0 o
2+ cm2)=0 ) .
I
L emm)i =0
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Thwuo . oddiHve inmr:re,.‘-ab

- i
A 0O =0
| I= mo_ -
B 9= m-2
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w2l SaN rhak—

(/. g—
bra ¥ a,b & Cm

\W(CQ:P)"’ (Ze;t, »
ol Ze S0 1, 2.3.4.55
2N
+ |8 [ 6.3 2,5 %
o leNd k3.4
T s sNE4L &6
o |5 & &5?&,
T Z 4 3% 7
£la/s 2 g%
Fk?EZQ{i?\
| 4opueji~%g oomné; fakle
+ 10 1 &3 s
o lo 1 7 345
Tl 2 38 &5 a4
| 2 |lg§d a8 4 s 61
| 3 |3 £ § 0 i92
4 € 5 o 1 23
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O‘Q Py by oy | ‘P\""-
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MY
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- Clearly Hrom the table. coe(sa\j, rhal; "« 1
inary operarien §GLE) = AC6E) v &, 5,C 2 S

Drom rhe rable o€ Ay rhalk” 1EZg /s {

. 1 dQMﬂi:JJ - ' — 3\
—hrom _rh e_f_a/bie_ ~e _say rhat-(0) 1S —
nor_possible. . (L) | e}

- oalnO 2 ,_3_,_&_4 nok _possible
(5)=6 0
L

C%é C&'p,_) t 27*:-' 2\7-__{5_5'_ — o
—Soli- Z;l £1,2,2,9,5,64%. .
e . i ¢ 3 a5 & o
| r|I 53 z354¢& .
o ejgsezss ]
3 3 6 2 S 1 4 .
4 Je 15 263

S & Q3 1L 6 F 2 _
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S(D‘[qf’.'— - le} ron: F?)@_ f@bl@ 008 say r“haj"
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! LS _binarg njoeraﬁDfL Z

Ir?/
/%rom Fhe_takb , "

(A \%Lc‘_ a- (ij

\‘_——-
“and. 1 ;s :derLH/—q element -

(Q/LDO/

T
=

Fhad 7. is nol- hinary operation.

o Ir s NOF Qroup .

~

Remarl : - ]%'J'D/j Qrime  rhen (Z;Dﬁg,l@om;@

a QEQULP ofrherwise. _NoOr possible.

Tbeopem 1

o

\ T Prove that foleru;ithL LS drnigue (n

group (¢ . -
\J

o ler o &' ke nDo fdentity in growp

~J
(e _+hen ac-a=ea Yaeci ~(/)£

ae!' = a=ef'a ,Yae gz _.(2)

Since. e Le! oG-

I;ﬁLUt aze! in @)

\ /
e'c = e = pe! _g\g)
paur ag=-e€ }nf)

el = @ = @/e —3)
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-

Henee jdentiry /S uniquein (-

X! Theorem-2.: =

T

4 Prove that_emery elgmezu:a:b ﬁmup G

hoabd unjque inverse (m 220N G-

roof i- For aeG ler a' cmcl Q" be o

inversep a} o in G-

{
aal= e =a a

-0
_ >
aa = oz a'"oo —@

. e
we  have to__prove rhat _a'=a’

!

toHs  al=a'e =a faa)

:-_Qa'a) a’

= ea' (by®G)
- CL"'

=R HSL

Hence resuls— is proved..

| Theorem-3 :

Stare and prove cancellaron [cws

tn (&
Stoaremenc . -

Lej- G be any g roup

Hor-an yb,C € (. _

gp_cub_—_a,c 3 b=C (lept cancelloson
[O/UO)

(M ba=ca > b=C (mg/w w) _

W:_ﬂ_,CLj__ For _any _a,6,C €G then & le@
f L\LG(/_Q___mah al

3 o’Cab)= Cﬂ Cac) o
2 @la)b= @la)c
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{

—>C~>/b @C:J»b (‘, wsah@reem

/

, . ;deiu—fij element
‘ﬂuugl '/%!‘ COH(‘PMCLH‘OH laaD J’{‘SM

gﬂj ba.=ca % (ba)d!'-(ca) o

> blaal) =ccaal)
=> bp:_cp _tOhere @ /s

rdentH Fy elemen
i _

“>é)c*

m néﬂ\x ccmce/uaﬁor) axD L proves

Theorem-4 .

Stare and prave cancel(oen. [ aws (n

g 7

_§+orem5> - e (Gt) be any Qgroup
~por_any an C EG-
__J
rfeb ot C ‘:><b C
._pm% .~ por _a,bC €G rhen -aeG:
atlo= atC |
2 —atlath) = —a+ Ccufc/\
) (—a+a)tb= Cata)+c
7 < 7
> p+b = et
> bo=C
I Thus (@ ) ssanspied (. L
| Similasxty i - C. L
Theorem -5 .

-~ [ OF 7 be G groue and a,beG rhen
prove rhat , equation axs=b and ya=b

Lhave  unjgue aol't in &
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proofi- Here a,bcG.

Nowd, ax=6
3 a'lcar)= a’'b
S (ala)yx=-alb

= ex =a’'b
S x=a’b ec f a b ec
Thud axch han NotE x=alb inG-

NooO coe orooe rhoaut aboue cim 1S umaae /’
I-‘A. (x: (C&S, are. a0 /")O“f O?A eq”. ax=b
ther a/)o b & ax=5b

= 4= (bg Liel)
Hence oX=b hay unique s’
MOTA)L g,a,:b
_arga) ol = bal
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. 2 ge =bal I

| | ’ S g=ba’l €&,

IH 9, &Y, are roo 5o 1m0 o eal gazh ki
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Here ca=cCb
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concuHoONY ore /Oaf'l\?‘l\l el

8
|

ab€eH .Y a,beH.
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Theorem-10.:
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]

1(Gt) is a. subgroup of, CGt) [f and only i}
Q-heH YakberH.

O rogj .-
’ v

’ Ip His a subgroup a, CG.,t) rhen we have
Il to prove rhat a-b eH.
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e cﬁ (_r-selp .

(2 /L\SCJ_er‘Ou.D wi@’%{%‘G (s caled privial |
\ subgroup and all \&ub_&LQSL%_CLth erthan €
are called pon:rriviak sub group ap G-
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______ | ELO_F)_QY:__,W\,S:Q_.b_f}EO_QL-,D.A.,,%_.GT_«W_
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