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US03CMTH21- UNIT : IV

1. Derive the general formula for numerical integration

Answer:
b
Let y = f(z) be a function defined on [a,b]. To evaluate the definte integral / y.dz let us

b—a

divide [a, ] into n subintervals [z; 1,;], i =1,2,...,n of equal length h = , where,

Aa=Tp <1 <Ly < - <2, =b

Clearly,
Gr — S bl T = 0,1 2, e

Therefore, we have

b Tn

/y.dﬂ: = /y.d:c ---(1)

a o

Now, for £ = z¢ + ph corresponding y is given by Newton’s forward difference interpolation
formula,

P01 sy, 0= D=2

Y =y +pAyy + 5

’yg+

Integrating both the sides over [z, z,] with respect to z we get,

-1 — 1(p-2
/y.da: = / {yo + pAyo + IS%I)AZ@;O + plp 3)'(19 )A‘"’yu +...| .dz
0 )

Since, £ = xo + ph, we have dx = h.dp. Also,

z=x0=>p=0 and z=x,=p=n



Therefore, integrating (2) by substitution, we get,

/yd:v— /yo+pAyo+ (p2 )Ay +p(p_1)(p ) yo+...].dp

3_3 2+2
=h/ [’yo +PAyo+1%A2yo+#A3yo+...} .dp

o

P2
=h [pyo—I—EAyo-l— [

P o
3
n

3 on? 1
[ == } Ay + ﬂ(n4 —An® 4+ An®) A3y, .. }
52

p) 4
p 2 1(p 3 2| A3

——|A — = - A
2] y°+6[4 P+IP] Yo + L=0

1
2
n? 1
= ZA Z
h[nyo+ 7 yo+2 7
1

n n n
= A = |l —(n — 22A3%y, ...
nh [B’O‘FZ y0+2 [3 2 y0+24(” ) Ay, ]

Therefore,
B n n(2n—3) ,, N a3
/y.dm—nh[yg—l—szo—l— 12 Ay0+24('n, 2V Yo
xp

This is the general formula for numerical integration of y = f(z) over the interval [zg, Z,].

[ 2. Derive the general formula for Trapezoidal rule ]

Answer:
b

Let y = f(z) be a function defined on [a,b]. To evaluate the definte integral f y.dz let us

a

divide [a, b] into n subintervals [z; 1,%;], i =1,2,...,n, all of equal length h = b;a’ where,

C=Zp< T <Tg<---<Tp=2"b

Clearly,
Ty =og +rh] =002\ N
Now, the general formula for numerical integration of y over [y, z,] is given by

Tn

/y.d:z: =nh [yo + gAyg +

Z0

n(2n—3) ,,
19 Ay0+...:|

If we set n = 1 then we have,

&1

1
fy.dm = {yo 4 EAyg]

To

T

1
/y.d:c =h {yo + i(yl — yo)]

To



T

h
/y.da: = §(yo + 'y1)

To
Similarly for the next subinterval, [z, 2], we get,

T2

h
/y.dx = 5(3}1 + y2)

)

In general for any subinterval [z;_;, z;|, we get,

i

h
fﬂ-dﬂ? = 5(%’—1 + ¥i)

Ti1
Now,

Tn Ty 3 T
/y.da:=_/y.d:r+/y.dw+---+ /y.dw
xp E ) 1 En—1

h

) [(yo + 1) + (g1 + v2) + (2 + y3) + -+ + (¥n—1 + ¥n)]

Tn

h
/y-da:=5[y0+2(y1+yz+yz+---+yn_1)+yn]

Tg

This formula is known as the Trapazoidal Rule for numerical integration.

i
3. Derive the formula of Simpson’s g-rule for numerical integration. ]

Answer:
b

Let y = f(z) be a function defined on [a,b]. To evaluate the definte integral f y.dz let us

b—a

divide [a, b] into n subintervals [z;_1,2;], ¢ = 1,2,...,n, all of equal length A = , Where,

n is an even positive integer and
A=Tg<T1 <Ty<---<ZTp=b
Clearly,
T =ietuh T =002 seimt
Now, the general formula for numerical integration of y over [y, z,] is given by

In

/y.d:c = nh [yo + EAyo + i et

2
9 12 Ay + ...

Tg



If we set n = 2 then we have,

o2
2 2(4 -3
/y.d:n =2h [yo + EA?JU + %Az’yo]

Zo

T3

1
B, / y.dx = 2h [yo + (th —%o) + 6(.@’2 — 2 + yo)]

Tg

L]

2h
/y.da: = F[Gyl + (2 — 211 + o))

&0

E ]

h
e /yd&: = g[’y‘] + 4y1 + yz]

zg
Similarly for the next subinterval, [z2, Z4], We get,

T4

h
/y-dx = §[y2 + dys + 4]

%2

In general for any subinterval [z; 1, 1], we get,

Tei1
y.dz = g(yi—l + 4y + Yit1)
Bi1
Now,
T 2 4 .
/y.dm=/y.da:+]y.d$+---+ /y.d:r:
o o 3 Tn-3

h
=3 [(o+ 4y +y2) + (o + 4ys +ya) + (ys +4ys + ys) + - + (Un 2+ 4Yn-1 + ¥n)]

Tn

h
/y-dw=§[y0+2(y2+y4+yﬁ+"'+'yn—2)+4(y1+y3+y5+"'+yn—l)+yn]

)

1
This formula is known as the Simpson’s g-rule for numerical integration.

4. Using Newton’s forward difference formula, find the general formula
for numerical integration and hence derive Simpson’s g-rule

Answer:
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b
Let ¥ = f(z) be a function defined on [a,b]. To evaluate the definte integral f y.dz let us

divide [a, b] into n subintervals [z; 1,2, ¢ = 1,2,...,n, all of equal length A = b—Ta, where,
n is a multiple of 3 and

A=Tg<T1 <Xy <---<ZTp,=b
Clearly,
Tr=x9p+rh, r=012,...,n
Now, the general formula for numerical integration of y over [z, z,] is given by

Tn

7 n{2n — 3 n
zo
If we set n = 3 then we have,
z3
[y.d:r—3h [yo—l—EAyo—i- T A yo+ﬂ(3—2) Ay

o

T3

3 3 1
/y.d:c = 3h {?}0 + E(yl — %) + 1(3}2 — 2y + o)+ g(?}s — 3y2 + 31 — ’yo)]

Tg

T3

3h
f ydz = g[&uo + (12y1 — 12y0) + (6y2 — 1231 + 6ya) + (y3 — 32 + 3p1 — %0)]

Tg

T3

3h
/y.dm = g[lf,’o + 3y1 + 3y2 + y3]

zo
Similarly for the next subinterval, [z3, Zs], we get,

Tg

3h
/ y.dz = g[ys + 3ys + 3y + Yo

x3

In general for any subinterval [z;_1, Z;12], We get,

Tit2

3h
f y.dr = g (Yi—1 + 3y + 31 + Yig2)

Zi-1



Now,
T 3 g 2y,
/y.dac=/y.dm+/y.d:c+~--+ /y.d:c
2o zo T3 T3

3h
=3 [(yo++3y1 +3y2 +y3) + (ys ++3ya +3ys +y6) + (6 + +3r +3ys +4a) + -+ + (Yn—3 + 31

Tn

3h
/'y-da:=8[yo+2(y3+ys+yg+---+yn_a)+3(y1+yz+y4+y5---+yn_1)+yn]

%0

: . : 3 “ ot .
This formula is known as the Simpson’s g-rule for numerical integration.

5. Find, from the following table , the area bounded by the curve and
the z-axis from z = 7.47 to z = 7.52, using Trapazoidal rule

z | 7.47|7.48[7.49]7.50 [ 7.51 | 7.52
F(z) | 1.93 [1.95 | 1.98 | 2.01 | 2.03 | 2.06

Answer:
747 | 7.48 | 7.49 | 7.50 | 7.51 | 7.52

x
f(z)|1.93]1.951.98 | 2.01|2.03|2.06
Using Trapezoidal rule,

b

h
/ y.dz = 5[‘!}0 + 2+ Y2+ + Ynoi) + Y

a

we get the integral

7.62

0.01
/ ydo = ——[1.93+2(+1.95 + 1.98 + 2.01 + 2.03) + 2.06]

7.47
= 0.09965

1
6. Evaluate [ i+ md:r , correct upto three decimal places using Simpson’s
0

s-rule and by taking h = 0.05




Here,a =0,b=1, and h = 0.05
Therefore, n = 1-0 =20

Following is the table of values of = and y with number of sub-intervals n = 20 and length of
each subinterval h = 0.05

| x| 0] 005, 01 015 02| 025] 03] 0.35]
FEE 1]0.95238 [ 0.90909 | 0.86957 [ 0.83333 | 0.8 0.76923 [ 0.74074 |
| x| 04] 045] 05] 0535] 06] 065] 0.7] 0.75]
|y =21 0.71429 | 0.68966 | 0.66667 | 0.64516 | 0.625 | 0.60606 | 0.58824 | 0.57143 |
| x[  08] 085] 09] 0.95] 1] | |
[y = & [0.565556 | 0.54054 [ 0.52632[ 0.51282] 0.5 | | |

1
Using Simpson’s 3 rule,
b
h
/ y.dﬂ’; = §[yﬂ W 2(y2 F A al N S yn—2) + 4(y1 Sl Tt yﬂ—l'[_)yn]

a

we get the integral

1
1 0.05
f +1 dr = —3—[1 + 2(0.90909 + 0.83333 + 0.76923 + 0.71429 + 0.66667 + 0.625 + 0.58824

0
+ 0.55556 + 0.52632)+

+ 4(0.95238 + 0.86957 + 0.8 + 0.74074 + 0.68966 + 0.64516 + 0.60606
+ 0.57143 + 0.540540.51282) + 0.5]
= 0.69315

i
7. Find the value of [ z?logz dz by taking the length of the interval i =1
3

Here,a=3,b=7,andh =1
Therefore, n = =3 =

Following is the table of values of z and ¢ with number of sub-intervals n = 4 and length of
each subinterval h =1



| x 3 4 5 6 7]
"y = a%log (v) | 9.88751 | 22.18071 | 40.23595 | 64.50334 | 95.3496 |

1
Using Simpson’s 3 rule,

b

h
/ ydz = 2lpo+ 20 +yat -+ n2) HAB + Y+ + Yn1 )

we get the integral

7

/ 22log (z) .dz = %[9.88751 +2(40.23595) + 4(22.1807164.50334) + 95.3496)

3
7

f 1% log (z) .dx = 177.48174

3

8. Evaluate i dz, by using Simpson’s % rule with 4 strips.

L]

Here,a=1,b=3,andn =4

Therefore, h = 15 6

Following is the table of values of z and y with number of sub-intervals n = 4 and length of
each subinterval h = 0.5

RAHFEL N U85 2925 3 |
[y=Z]1]0.66667]0.5]0.4]0.33333 |

1
Using Simpson’s 3 rule,

b

h
/ ydz = Zlyo + 22 +yat o ) T4G s+ gar i)

a

we get the integral
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3

/i.da: = 035[1 + 2(0.5) + 4(0.666670.4) + 0.33333]
1

Therefore,

L]
9. Find the value of | T+ 22 dz by taking eight sub intervals using Trape-
0

zoidal rule. Also find its error.

Here,a=0,b=1,and n = 8§
Therefore, h = % =0.125
Following is the table of values of z and y with number of sub-intervals n = 8 and length of

each subinterval h = 0.125

| x|0| 0125] 0.25| 0375|05| 0.625[0.75| 0875] 1]
[y = 2,7 |1]0.98462]0.94118 [ 0.87671 [ 0.8 0.7191 | 0.64 | 0.56637 [ 0.5 |

1
Using Simpson’s 3 rule,

b

h
/ y.dﬂ’; = g[% N 2(y2 Hlaet T yn—2) + 4(y1 Sl gy yn—l'[_)yn]

we get the integral

1

1 0.125
_/:1;2 1 dr = T[l + 2(0.94118 + 0.8 + 0.64) + 4(0.98462 + 0.87671 + 0.71910.56637) + 0.5]

o

Therefore,
1

/ m21+ -do = 0.7854

0
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[ 10. Describe the Romberg’s Integration method. ]

Answer:
The Rombreg’s method can be used to improve numerical integrals obtained using the finite
difference methods. In the following we describe the method to improve numerical integrals
obtained for

b

I=/y.d:1:---(1)

a

by Tapezoidal rule with two different lengths.

Suppose, corrsponding to two different lengths %, and hy of subintervals of [a,b] the inte-
grals obtained by Trapezoidal rule are I; and I3 with errors E; and Ej respectively.

Therefore,
I=I]_—E1=12—E2
Here, the errors are given by

m:—%@—@ﬁf@ and &=—%@—@@f@

Where, ¥"(z) and y”(T) are the largest values of y”(x) with respective subintervals. Clearly
y"(z) and y"(x) are nearly equal. Therefore, we get,

Bt
By B2
~—p | 15
BB 2 — k2
h2
% Ez ~ Fz’hﬁ(Ez S E]_)
Since, E; — By = I, — I, we get,
h
. E2 ~ H(Iz = I]_)
With this approximation in error E; we obtain new approximation of integral I by,
h2 L2 — L2 — L2 + I h2
L=L-E=0L— 52 (L—IL)="2 1 2 Tl
3 2 2 2 h%—hf(z 1) hg—hf

1. _ 11k} — Lkt
3= —_—
h2— B2

Provided the errors are of same sign and decrease monotonically, I3 is closer to actual value 1.



h
Now, if we take hy = 2 and h; = h then we get,

LY — L
L="5"2"
B _h

=
-1
—4lp

e

= =

- 1-4

4

1
s = 3 (4I2 - Il)

If we use the notations I(h), I (2) and I (h, %) for I, I, and I5 respectively then

((2)-5(a(2)-)

12

We can further improve the results using this form of formula by taking smaller interval lengths

and obtain required accuracy of the integral.

1
11. Using Romberg’s method, compute [ = |
0

decimal places

dz , correct upto four

1

Lety=f(9:)=1+m2

Initially we take n = 2
. h =12 =10.5 and table corresponding table is

x|0/05] 1
y( 1]/08)|05
.. using Trapezoidal rule

I(h) = g['yo + 2y1 + 1)
;Im)=2fu+2msy+am

- I(R) =0.775

Next, we shall take hy = g = %5 = 0.25 Therefore, corresponding table is

x|0 0.25 05 075 1
y|1]0.94117647 | 0.64 | 0.8 | 0.5
.. using Trapezoidal rule

h
I(%) = El[yo + 2(y1 + Y2 + ya) + vl

0.25
(%) = 7[1 +2(0.94117647 + 0.64 + 0.8) + 0.5]

[

.



- I(2) =0.782794118

Next, we shall take h; = "2—1 = % = (0.125 Therefore, corresponding table is

x|0 0.125 0.25 0.375 0.5 0.625 0.75 875 1
y | 1]0.98461538 | 0.94117647 | 0.87671233 | 0.8 | 0.71910112 | 0.64 | 0.56637168 0.5
.. using Trapezoidal rule

h
I(%)=gz[yo+2(y1+yz+y3+y4+ys+ys+y7)+y4]
0125

13

I(%) = T[I + 2(0.98461538 + 0.94117647 + 0.87671233 + 0.8 + 0.71910112 + 0.64 +

0.56637168) + 0.5]

s I(E) = 0.7846542

Now, using Romberg’s formula

I(h, ) = % [4I(2) — I(R)] = % [4(0.782794118) — 0.775] = 0.7853922

Also, using Romberg’s formula

1 1
I(3,5) = 3 [41(}) - §] = 3 [4(0.7846542) — 0.782794118) = 0.78530

Thus,

1
1
/ oz o~ 0.7853
0

Now,
1

1 = ~101 o=l g —1a T
/1+$2 dz = [tan""z|; = tan™"1 — tan 0—4~0.7853981

0

Therefore,
Error =~ 0.7853981 — 0.7853 = 0.0000981

1

1
12. Using Romberg’s method, compute [ = [ T 12 dx , correct upto three
0 z

decimal places

Answer:

Lety = f(g) = .

14z

Initially we take n = 2
2. h=1"=105 and table corresponding table is
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| x[0] 05] 1]
y=,%, |1]0.6666667 0.5

241

Using Trapezoidal rule,
b

h
/ y.dr = 5[’!}0 + 2+ Y2+ o+ Yn—1) + Yl

a

we get the integral

1 0.5
/ —— 45 = 5-[1.0+2(+0.6666667) + 0.3

Therefore,
I{h) = 0.7083333

Next, we shall take h; = & =28 = 0.25
Corresponding table is

| x[0]0.25] 05]  075] 1]
[y=_; [1] 0-8]0.6666667]0.5714286] 0.5 |

Using Trapezoidal rule we get,

1

/ Ei.d:c = Oéﬂ[m + 2(++0.8 + 0.6666667 + 0.5714286) + 0.5]

0

Therefore,

I (g) = 0.6970238

Next, we shall take hy = "2—1 = 0'2@ =(.125,
Corresponding table is

| x|0| 0.125 | 0.25 | 0.375 | 0.5 | 0.625 | 0.75 | 0.875 | 1|
|y=_;[1]0.8888889 | 0.8 0.7272727 | 0.6666667 | 0.6153346 | 0.5714286 | 0.5333333 | 0.5 |
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Using Trapezoidal rule we get the integral

1

/:c i 1 dr = %[1 0 + 2(40.8888889 + 0.8 + 0.7272727 + 0.6666667 + 0.6153846

0
+ 0.5714286 + 0.5333333) + 0.5]

Therefore,
I (::) =(.6941219

Now, using Romberg’s formula

I(h,® ; [41(%) — I(R)] = % [4(0.6970238) — 0.7083333] = 0.693254

Also, using Romberg’s formula

1 1
I(5, 2= 3 [41(2) - 2] = 5 [4(0.6941219) — 0.6970238] = 0.6931546
Thus, the integral correct upto 3 decimal places is given by,
1

1
f s 4o~ 0693
0

13. From the Taylor’s series for y(z), find y(0.1) correct upto four decimal
d
places if y(z) satisfies ﬁ =z —3% and y(0) =1

Answer:
The Taylor’s series for y(x) about a point zy is given by

(@) = (oot B2y

For 25 = 0 we get,

($0)+($ _2:1"0) y!’($0)+ (ZB _3;]30) y’”(-T(])"'(x _4"7"0) y(iv)(mo)_'_(x _5"’1"0) y(v)(mo)_i_. ..

3
_ v m (iv) (-v) s
Y@ =30 + 30 + 5 VO + Sy O+ SpP 0 + S yO0) + ... -~ ()
We have, Y =z — 9%, 70 =0 and y(zo) = y(0) = 1. Therefore,
Y(0) = 0—y(0)* = -1
Differentiating ¥ = = — y* w.r.t. x we get " = 1 — 2yv/.

Therefore,
y"(0) = 1—2y(0)y'(0) = ¢"(0) = 1 — 2y(0)y/(0) = 1 — 2(1)(-1) =
Differentiating " = 1 — 2yy’ w.r.t. x we get ¥ = —2(yy” + v?).

Therefore,

y"(0) == —2[y(0)y"(0) + y*(0)) = —2[(1)(3) + (-1)*)] = -8
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Differentiating y” = —2(yy" + y*) w.r.t. x we get
y®) = =20y + 'y + 2'y") = —2yy” + 3y'y").

Therefore,

y®)(0) = —2(y(0)y" (0) + 3y (0)y"(0)) = —2[(1)(-8) + 3(-1)(3)] = 34
Differentiating 3™ = —2(yy" + 3y'y") w.r.t. x we get y® = —2(yy"™ + 4¢/'y" + 3y"?)

Therefore,
y(0) = “2((O)y*(0) + 3 O)"(0) + 82(0)) = ~2[(1)(34) + 4(-1)(~8) +3(3)7] = 186
Substituting in (1} we get,

372 423 17z 3158

L . T il
y(z) Tt gt T T

Now, we want accuracy of 4 decimal places in the approximation of y(0.1). Therefore any term
with its values less than 0.00005 can be decarded and with remaining terms the y(0.1) can be
approximated upto 4 decimal places.

Now,

1 2
3—055 £ 0.00005 whenever z° < 0.00005 x 3—(1]

1
., Z—Or" < 0.00005 whenever 7 < 0.126

1
As 0.1 < 0.126 it implies that, all the terms from 2—0335 onwards do not contribute upto 4

decimal places to the value of y(0.1). Therefore the value of %(0.1) correct upto 4 deicmal
places is given by,

301 4(0.1)° , 17(0.1)"
2 3 12

¥(0.1) =~ 0.9138

y(01)=1—-0.1+

[ 14, Describe Picard’s method of successive approximation ]

Answer:

d
Let % = f(z,y) be a differential equation with the initial condition y(zo) = yo. Integrating
the equation, we get the Integral equation,

T

G+ / f(e,9)ds -~ - (1)

Lo

To solve the equation using Picard’s method we appoximate the solution y successively as
follows.

First we replace y in f(x,y) on the RHS of (1) with y, so that f(z,y) is a function of =
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only. Then we integrate it to get approximation y» of y as,
T
y = yo + /f(w,yo).da:
]

which is a funcion of z only.

Now, again replace y on the RHS of (1) and then integrate it to obtain next approximation
2
Yy as,

€T
y(z) — yﬂ + /f(m,y(l))'dm
Tg
Continuing similarly we obtain the approcimations y™,4®, ...y using following formula

y™ =yo + / Fz,y™D).dx
g

The sequence converges to y provided certain conditions are satisfied.

15. Use Picard’s method to approximate y when z = 0.25, given that y(0) =0

d 2

and s correct upto three decimal places

dr y*+1
Here the differential equation B is subject to y(0) =0
& dr  y2+1 : :

2
Let zp = 0 and 3y = 0 and f(z,y) = 2$+ T Now we use Picard’s method to find the
Y

solution as follows.

Therefore the integral equation
y=yo+ /J‘(E,y)-dz
)

is given by,

First we take y = yo = 0 on the RHS and then integrate it to ontain first approximation.

T

2 3
i LI
¥ /02+1'x 3

0
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3
Next replaceing % on the RHS of (1) with ¥ = %

T

2 3
y? = xiz.dx =tant T
o 3

(5) +

o

3
Now, we have infinite series expansion of tan™ ¢ given by
t3 t5 (_1)nt2‘n+1
dar =g e T e p TR R
o 375 T a1
Therefore,
3\ 3
&)
3
@_ 7 e
Y 3 3 P
3 9
- P /L (2
- V= i e S e

Now, to determine which terms in the exapansion do not contribute upto three decimal places
9

while evaluating y using (2) we first test the term :—1

9

For 2_1 < 0.0005 we have z° < 0.0005 x 81. Therefore for all z < 0.70028 the terms of
9

(2) from g—l do not contribute upto 3 digits after the decimal point. Since, we have to evaluate

y at z = 0.25 which is less than 0.7 we evaluate y(0.2) with treee digits accuracy as follows,

28
y(0.25) = OT = 0.005208333 ~ 0.005

16. Use Picard’s method to approximate y when z = 0.2, given that y(0) =1
dy

and e

z — y, correct upto four decimal places

Here, f(z,y) =z —y, 2o =0and yy = 1.

Therefore the integral equation
T
Y=Y+ /f(w,y).da:
L]
is given by,
T
y=1+/(:v—y).dw--- (1)
0
First we take ¥ = yp = 1 on the RHS and then integrate it to ontain first approximation.

x
2

y(1)=1+f(x—1).dm=1—m+%

0



2

Next replaceing ¢ on the RHS of (1) with ¥ =1 -z + % we get,

T

© z® 2 _ 2°
y =1+ :r—1+:c—i .dm=1+—:r+:c—€

0

3
Next replaceing y on the RHS of (1) with y@® =14 —z + 22 — T we get,

6
3
y® = 1+/(w—1+w—w2+%) Az
0
Therefore,
@4 , 2% oz
y=1l—-z+z"— 3 + 54
¥ gt
Next replaceing y on the RHS of (1) with y® =1 —z + 22 — 3 + 57 Ve get,
3 4
@1 iy — iy i
) &= /m 4l — T 3 2
0
Therefore,
3 4 5
g _ FE NN LY
s £FF B3 \12—"T20
Now,
0.2)?
y(0.2)=1-(02) + ( 2) =0.84
similarly,

y@(0.2) = 0.8373333
y¥(0.2) = 0.8374666
y(0.2) = 0.8374640000

Therefore, approximation of y(0.2) correct upto 4 decimal places is
¥(0.2) =~ 0.8374
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17. Discuss Euler’s method for solving a differential equation.

Euler’s Method:

d
Let ﬁ = f(z,y) be a differential equation with the initial condition y{zy) = yo. Integrating

the equation, we get the Integral equation,

y=1yo+ /f(w,y)-dw

To solve the equation for y(x) corresponding to some given value of z = o+ 7k, r=1,2,...

where h is uniform length for each subintervals [z;_;, z;].
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Now, for each 2y < z < z;, we assume f(z,y) = f(2o, 30} and evaluate the integral as follows,
y(z) =mn
Tl
=% + /f(-’b'o,yo)-dw
zo
T

= Yo + f(mg,yo)[dx

= 1o + f(zo, yo)?;l — o)
2 y(®1) = yo + hf (20, %0)
similarly, for each z; < < z3 assuming f(z,y) = f(z1, 1) we get,
y(z2) = ya =y + hf(z1, 1)
Proceeding similarly, we obtain the general formula for Euler’s method,

Y(Znt1) = Unt1 = Yn + Bf(Tn, Yn)

The process is very slow to obtain desired accuracy.

[ 18. Dscuss the Euler’s Modified method for solving a differential equation. ]

Euler’s Modified Method:
Let :;g = f(z,y) be a differential equation with the initial condition y{zg) = yo. Integrating

the equation, we get the Integral equation,
T
y=1+ /f(w,y)-dfc
zo

To solve the equation for y(z) corresponding to some given value of x = g+ rh, r=1,2,...

where h is uniform length for each subintervals [z;_;,z;], first we use Euler’s original formula

to get initial approximation to y;, say y{o) as given below,

¥ = yo + B f (%o, yo)
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Then, we Il)roceed to improve values of ¥, using trapezoidal rule and take
flz,y) = 5[ f(zo, yo) + f(z1, y{o))] and evaluate next approximation of ¥ as follows,

T
1
y® =y + / o F (@0,90) + f (@1, 31”))-do
o]

T

~ o+ 1) + Ses ) [ d

(]

= o+ 5120, 30) + £(z1,4)] (e — 70
S =y + %[.f(mﬂa 1o) + f (@1, 157)]

Again replacing y§°’ by ygl) on RHS we get next approximation,

h
B =+ E[f(xo, v) + f(z1,18")]
We continue the process similarly to get desired accuracy of y;.

In general, to approximate y,4; using the same process, first we obtain the initial approxi-
mation yﬂl using Euler’s ordinary formula,

?J,E(_)Bl =y + hf(Ze )

Then use
n+1 h T
Y = g+ S 1F @, ) + S,y
repeatedly for n = 1,2,... to get desired accuracy in yr;.

19. Using Euler’s method solve ' = —y, taking five subintervals and /A = 0.01
with initial condition y(0) = 1.

Given differential equation is

dy
dr = Y where y(0) =1

Now, to find y(0.05) let us take z = 0.05.Taking h = 0.01, we get

2o =0, 21 =0.01, 252 =0.02, 3 =0.03, =, = 0.04, z5 = 0.05,
Now, we shall find y;, ¥2, %3, %1, ¥s, , using Euler’s Modified method.

Finding y(x;) = y(0.01)



11 = ¥(0.01) = yo + hf (o, ¥o)
= 140.01£(0,1)
=1+ 0.01[-1]
=14 0.01]-1]
y(0.01) = 0.99

Finding y(xz) = y(0.02)

y2 = ¥(0.02) =41 + Af(z1, 1)
— 0.99 + 0.01£(0.01,0.99)
— 0.99 + 0.01[—0.99]
= 0.99 + 0.01[—0.99]
»(0.02) = 0.9801

Finding y(x3) = y(0.03)

ys = y(0.03) = ya2 + hf(z2,32)
= 0.9801 + 0.01£(0.02, 0.9801)
— 0.9801 + 0.01[—0.9801]
= 0.9801 + 0.01[—0.9801]
4(0.03) = 0.970299

Finding y(x4) = y(0.04)

Ya = y(0.04) = y3 + hf(z3,y3)
= 0.970299 + 0.01£(0.03,0.970299)
= 0.970299 + 0.01[—0.970299]
= 0.970299 + 0.01[—0.970299]
»(0.04) = 0.96059601

Finding y(x5) = y(0.05)

22
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ys = y(0.05) = ys + hf (24, ya)
= 0.96059601 + 0.01£(0.04, 0.96059601)
= 0.96059601 + 0.01]—0.96059601]
= 0.96059601 + 0.01]—0.96059601]
y(0.05) = 0.9509900499

20. Solve ¥ =1+ 4% y(0) =0 by Euler’s method at the points 0.2 and 0.4

Given differential equation is

dy
dz
Now, to find ¥(0.2) let us take z = 0.2.Taking h = 0.05, we get

=1+%* where y(0)=0

Iog = 0., X = 005, Tg — 01, I3 — 015, Ly = 02,
Now, we shall find 41, %2, %1, ¥4, , using Euler’s Modified method.

Finding y(x;) = y(0.05)

1 = y(0.05) = yo + hf (o, o)
=0+ 0.05£(0,0)
= 0+ 0.05[1 + 0]
= 0+ 0.05[1]
4(0.05) = 0.05

Finding y(x2) = y(0.1)

Y2 = ¥(0.1) = 4 + Af(z1,%)
= 0.05 + 0.05£(0.05, 0.05)
= 0.05 4 0.05[1 + 0.05?]
= 0.05 + 0.05[1.0025]
¥(0.1) = 0.100125

Finding y(x3) = y(0.15)
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y3 = y(0.15) = yp + hf(z2,42)
= 0.100125 + 0.05 (0.1, 0.100125)

= 0.100125 + 0.05[1 + 0.100125?]
— 0.100125 + 0.05[1.01002502]
y(0.15) = 0.15062625

Finding y(x4) = y(0.2)

ye = y(0.2) = ys + hf (3, ¥3)
= 0.15062625 + 0.05£(0.15, 0.15062625)
= 0.15062625 + 0.05[1 + 0.15062625%]
= 0.15062625 + 0.05[1.02268827]
y(0.2) = 0.20176066

Now, to find y(0.4) let us take z = 0.4.Taking h = 0.05, we get

g = 0, Iy = 005, Iy = 01, X3 = 015, Iy = 02, x5 = 025, Tg = 03, X7 = 035, Ty = 04,
Now, we shall find #, %2, Y3, Vs, Ys, Vs, Y7, Vs, , using Euler’s Modified method.

Finding y(x;) = y(0.05)

1 =y(0.05) = yo + 2 f (2o, %)
= 0+ 0.05f(0,0)
=0+ 0.05[1 + 0]
= 0+ 0.05[1]
1(0.05) = 0.05

Finding y(x2) = y(0.1)

y2 = y(0.1) = y1 + Af(z1,31)
= 0.05 + 0.05£(0.05, 0.05)
= 0.05 4 0.05[1 + 0.05?]
= 0.05 + 0.05[1.0025]
y(0.1) = 0.100125



Finding y(x3) = y(0.15)

ys = ¥(0.15) = y2 + hf(z2, y2)
= 0.100125 + 0.05(0.1,0.100125)
= 0.100125 + 0.05[1 + 0.100125%
= 0.100125 + 0.05[1.01002502]
¥(0.15) = 0.15062625

Finding y(x4) = y(0.2)

ya =y(0.2) = ys + hf(zs,¥s)
= 0.15062625 + 0.05f(0.15, 0.15062625)
= 0.15062625 + 0.05[1 + 0.15062625%]
= 0.15062625 + 0.05[1.02268827]
y(0.2) = 0.20176066

Finding y(xs) = y(0.25)

ys = y(0.25) = ys + hf(z4, ya)
= 0.20176066 + 0.05f(0.2, 0.20176066)
= 0.20176066 + 0.05[1 + 0.20176066]
= 0.20176066 + 0.05[1.04070737]
4(0.25) = 0.25379603

Finding y(xg) = y(0.3)

ye = y(0.3) = ys + hf (x5, y5)
= 0.25379603 + 0.05 £(0.25, 0.25379603)
= 0.25379603 + 0.05[1 + 0.25379603]
= 0.25379603 + 0.05[1.06441243]
y(0.3) = 0.30701665

Finding y(xy) = y(0.35)

25



26

yr = y(0.35) = ye + hf(zs, Ys)
= 0.30701665 + 0.05£(0.3, 0.30701665)
= 0.30701665 + 0.05[1 + 0.30701665]
= 0.30701665 + 0.05[1.09425923]
y(0.35) = 0.36172962

Finding y(xs) = y(0.4)

ys = y(0.4) = y7 + hf(z7, y7)
= (0.36172962 + 0.05f(0.35, 0.36172962)
= (0.36172962 + 0.05[1 + 0.361729622]
— 0.36172962 + 0.05[1.13084831]
y(0.4) = 0.41827203

21. Given that 3—2 = z3+y, y(0) = 1, determine y(0.02) using Euler’s method,
, taking h = 0.01

Given differential equation is

d
Ey =1° +y where y(0)=1

Now, to find y(0.02) let us take z = 0.02.Taking h = 0.01, we get

Iy = 0., I = 001, Tg = 0.02,
Now, we shall find ¥, %2, , using Euler’s Modified method.

Finding y(x;) = y(0.01)

th = y(0.01) = yo + hf(zo, Yo)
=140.01£(0,1)
=1+ 0.01[0° + 1]
=14 0.01[1]
4(0.01) = 1.01

Finding y(x2) = y(0.02)
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y2 = ¥(0.02) = y1 + hf(z1,91)
= 1.01 + 0.01£(0.01, 1.01)
= 1.01 + 0.01[0.01* + 1.01]
= 1.01 + 0.01[1.010001]
(0.02) = 1.02010001

d
22. Given that ﬁ = 2 +y, ¥(0) = 1, determine y(0.1) using Euler’s modified
method, correct upto four decimal places

Given differential equation is

d
ﬂy =% +y where y(0)=1

Now, to find y(0.1) let us take z = 0.1.Taking h = 0.05, we get

Tg = 0., X, = 005, Ig = 01,
Now, we shall find 3y, %, %2, , using Euler’s Modified method.

Finding y(x;) = y(0.05)

We shall find y§°) using Euler’s Method.

¥ = yo + B f (o, 30)
=1+ 0.055(0,1)
=1+ 0.05[0% + 1]
=1+ 0.05[1]

72 =1.05



Next, we shall use Euler’s Modified Formula with y:{o) to find ygl)

h
= o+ 5[/, 1)) (a1,

= 1+ 222(7(0,1) + £(0.05, 1.05)

0.05
=1+T+[02+1+0‘052+1'05]

=1+ 22°[1 + 10525

#V =1.0513125

Next, we shall use Euler’s Modified Formula with yio) to find y{l)

h
v =y + 5 (@0, 90)] f (21, vt

=1+ %[ £(0,1) + £(0.05,1.0513125)]

0.05

=1+ ——+ [0®+ 1+ 0.05? + 1.0513125]

2

0.05
= 1+ —~[1+1.0538125]

P = 1.0513453125

Therefore,

Finding y(x2) = y{0.1)
We shall find yéo) using Euler’s Method.

10 = b+ f(z1, 1)
— 1.0513 + 0.05£(0.05, 1.0513)

= 1.0513 + 0.05[0.05% + 1.0513]
= 1.0513 4 0.05[1.0538]

Y = 1.10399

28



Next, we shall use Euler’s Modified Formula with y(o) to find yél)

(1) =y + —[f($1,yl)]f(3’2=y2

0.05
= 1.0513 + —,~[£(0.05,1.0513) + £(0.1, 1.10399)]

=1.0513 + 0205 + [0.05% + 1.0513 + 0.1% + 1.10399]

0.05
= 1.0513 + —[1 0538 + 1.11399]

¥ = 1.10549475

Next, we shall use Euler’s Modified Formula with y(o) to find yél)

(2) =1y + _[f(xlryl)]f(l'% 5

=1.0513 + @[ £(0.05,1.0513) + £(0.1, 1.10549475)]

=1.0513 + % + [0.05% + 1.0513 + 0.1% + 1.10549475]

0.05
= 1.0513 + —[1 0538 + 1.11549475]

y$? = 110553236875

Next, we shall use Euler’s Modified Formula with yéz) to find y§3)

(3) — —[f(fﬂlayl)]f(a’z: =

=1.0513 + @[f(o 05,1.0513) + £(0.1,1.10553236875)]

=1.0513 + ¥ + [0.05% + 1.0513 + 0.1 + 1.10553236875]

0.05
= 1.0813 + —[1 0538 + 1.11553236875]

#¥ = 1.10553330921875

Therefore,
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23. Given that j—z = z2+y, y(0) = 1, determine 3(0.02) using Euler’s modified

method, correct upto five decimal places.




Given differential equation is

dy _ o _
I = +y where y(0)=1

Now, to find ¥(0.02) let us take x = 0.02.Taking h = 0.01, we get

Io = 0., ¥ = 001, Ty = 002,
Now, we shall find vy, 21, ¥z, , using Euler’s Modified method.

Given differential equation is

j_.:;j: =1z°+y where y(0) =1

Now, to find y(0.02) let us take x = 0.02.Taking h = 0.01, we get

Xp = 0., = 001, T = 002,
Now, we shall find yg, 1, %2, , using Euler’s Modified method.

Finding y(x;) = y(0.01)

We shall find y&u) using Euler’s Method.

y:EO) = yo + R f(Zo, %o)

=1+0.01f(0,1)
=1+ 0.01[0% + 1]
=1+ 0.01[1]

w9 =1.01

Next, we shall use Euler’s Modified Formula with y&o) to find y{l)

h
U =10+ 5[ (@0, 90)] (@1, 91"

= 1+ 2 [£(0,1) + £(0.01, 1.01)]

.01
=1+0§+[02+1+0.012+1.01]

0.01
2
y* = 1.0100505

=1+ ——[1 + 1.0101]

30



Next, we shall use Euler’s Modified Formula with y:{l) to find y?)

h
u? = o+ 5 [f (w0, vo)lf (21, 01”

=1+ %[ £(0,1) + £(0.01, 1.0100505)]

0.01
=1+—=-+ [0% + 1+ 0.012 + 1.0100505]

0.01
9
y® =1.0100507525

=1+ ——[1+ 1.0101505]

Therefore,

y1 = 1.01005

Finding y(xz) = y(0.02)
We shall find yéo) using Euler’s Method.

ygo) =y + hf(z1,41)
= 1.01005 + 0.01f(0.01, 1.01005)

= 1.01005 + 0.01[0.01% + 1.01005]
= 1.01005 + 0.01[1.01015]

y = 1.0201515

Next, we shall use Euler’s Modified Formula with yéo) to find yél)

h
v =1+ 5[ (@0l f (o0, 0”

= 1.01005 + 0.2&[ £(0.01,1.01005) + £(0.02, 1.0201515)]

01
= 1.01005 + 0; +[0.012 4+ 1.01005 + 0.02% + 1.0201515]

0.01
2
y$M = 1.0202035075

= 1.01005 + [1.01015 + 1.0205515]
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Next, we shall use Euler’s Modified Formula with yél) to find y?)

h
v =1+ 5 (@0, 0)]F (22,95

= 1.01005 + %[ £(0.01,1.01005) + £(0.02, 1.0202035075)]

01
= 1.01005 + o;) + [0.012 4 1.01005 + 0.022 + 1.0202035075]

%[1.01015 + 1.0206035075]
yéz) = 1.0202037675375

= 1.01005 +

Therefore,

[ yo = 1.0202 ]

Hence,

[ y(0.02) = 1.0202 ]

24. Runge-Kutta method of Second Order.

Runge-Kutta method of Second Order:

Let 32 = f(z,y) be a differential equation with the initial condition y(zg) = yo. To solve the

equation using Runge-Kutta method of Second Order, for y(z,) corresponding to some given
value of © = xo+ nh where h is uniform length for each subintervals [z;_1, z;], first we evaluate
y(z1) = ¢ using the formula.

1
=%t E(kl + k3)
where,
ki = hf(zo,y0) and k2 = hf(zo+ h,yo + k1)
Similarly, we evaluate y{z2) = y2 using the formula.

1
o=t + E(kl + k2)

where,
ki =hf(z1,y1) and ky = hf(zi + h,y1 + ki)
Continuing similarly, finally we evaluate y(z, using the formula

1
Yn =Yn1 + §(k1 + kz)

where,
ki =hf(zn1,9n1) and kz = Af(zn1+h,ya 1 + k1)
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25. Given that j—z = y—z, y(0) = 2, determine y(0.1) and y(0.2) using Runge-
Kutta method, correct upto four decimal places

d
Here we wish to solve ﬁ = y — z subject to y(0) = 2.

We have 2y =0, 1 =29+ h=0.1, and 2, = 29 + 2h = 0.2.
Finding y(0.1)
On [z, 1], we have

k1 = hf(zo,y0) = 0.1(0,2) = 0.1(2—-0) = 0.2
Therefore,
ke =hf(zo+h, 0+ k) =01f0+0.1,24+0.2) =0.1f(0.1,2.2) =0.1(22 - 0.1) = 0.21
Therefore,
=%+ %(’fl + ko) =2+ %(0.2 + 0.21) = 2.2050

Thus, we get
y(0.1) = 2.2050

Finding y(0.2)
On [z, 22], we have

ky = hf(z1, 1) = 0.1£(0.1,2.205) = 0.1(2.105) = 0.2105
Therefore,
ky = hf(z1+h, y1+ki) = 0.1£(0.140.1, 2.205+0.2105) = 0.1f(0.2, 2.4155) = 0.1(2.4155—0.2) = 0.22155
Therefore,
Y2 = + %(kl + k) = 2.205 + %(0.2105 +0.22155) = 2.4210

Thus, we get
4(0.2) = 2.4210
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