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[ 1. Forward and Backward differences ]

Forward and Backward differences
If vo,%1,%2,...,Yn denote a set of values of y, then ¥, — 4o, ¥2 — ¥1, ..., % — Yn_1 are called
differences of y.

The forward difference or first forward differnce is defined as
AYyp =Ypr1— %, 7=0,1,2,...,—1

where A is called forward difference operator.

The backward difference or first backward difference is defined as
VyT:y‘r_yrﬁlz T:11727"'1n
where V is called backward difference operator.

[ 2. Higher order differences ]

Higher order differences
If yo, %1, Y2, - - - , Yn denote a set of values of y, then the differences of first forward differnces are
called second forward differences and denoted using A%. Therefore,

Azyr = Ayry1 — Ayr
In general the n'* order forward difference is defined as Therefore,
Aﬂy'r o An_ly'r+1 oy An_ly'r

Similarly the differences of first backward differnces are called second backward differences and
denoted using V2. Therefore,

V2y'r = vy'r - Vyfr-—l
In general,
Vnyr — Vn—lyr _ Vﬂ_lyfr—l

3. Central difference

Central difference

If yo, %1, Y2, - - - , Yn denote a set of values of y, then the central difference operator , denoted by
9 is defined by

‘Syr—% =Y —Yr—1



We note that dy,_ L= Ay,_1 = Vy,

4. Mean operator

Mean operator
If yo, %1, Y2, - - - , Y denote a set of values of , then the mean operator , denoted by u is defined
by

1
#Yr = 5 Wert +¥r-1)

[ 5. Shift operator ]

Shift operator

If 40, ¥1,%2, - - - , Yn denote a set of values of y, then the shift operator , denoted by E is defined
by

Ey'r = Yr+1
In general,
E™e = Yrim
[ 6. In usual notations prove the following : ]

[ 1] A=E—1 ]

Proof:
We have,
Ayn =Un+1l — Un
— Eyn - yn
= (E - Dy,

Hence, A=F—1

[2] V=1-E

Proof:



We have,

VYn =Un — Una1
=Un — E_lyn
=(1 - E")yn

Hence, V=1—-E!

[3] A—V =2

Proof:
We have,

8%y, = 0(dyn)
=4 (yn+% . yn—%)
= 5yn+% — Eyﬂ_%

- [y(ﬂ+%)+% o y(ﬂ+%)—%] | [y(ﬂ—%)+% ~ Y-

= (yn+1 2 yn) = (yn w ynﬁl)

= Ayn — Vi
= (A= V),
Hence, A — V = §*
[4] p= % (8% +E-%)
Proof:
We have,
HlYn = % (yn+% ik yn—%)
= % (E%yn + E‘%yn)
BTN
=} (otr)

[5] 6= Ez — B~z

Proof:




We have,

(E% - E_%) Yn = E%'yn - E_%yn
=yn+§ _yn,—%
=6'yn

Hence, E: —E12=§

[6] A=V = AV

Proof:
We have,

(AV)yn = A(Vyy)
T A(yn - yﬂnﬁl)
= Ay, — Ay
= Ayn — (Yn — Yn-1)
= Ay — Vy,
= (A =V

Hence, A —V = AV

[7] (1+A)1-V)=1

Proof:
We have,

(1+AN1 = V)yn = (1+ A)[(1 — V)y, ]
= (1+A)[yn — Vya]
= (14 A)[yn — (¥n — Yn-1)]
= (1 + A)y'n.—l
= Yn-1+ AYn_1
= Yn—1 + (Yn — Yn-1)
= Yn

Hence, (1+A)(1-V) =1

8] A=EV

Proof:



We have,
(EV)yn = E(Vya)

= E(yn - yn—l)
= Eyn = Eyn—l

=UYn+1 — Yn-1)+1

Hence, A = EV

9 E-l=1-V

Proof:
We have,

1=Vt =(1-V)y,
=Yn— Vn
=UYn — (y'n F yn—l)
= Yn—1
=E 'y,
Hence, E-1=1-V

1

[10] (E% +E—§) (1+A):=2+A

Proof:
First we showthat A+ 1=F
We have,

(A sl l)y‘n = Ayﬂ + Yn
— (yn+1 — yﬂ) + Yn

=Ynt+1
— Eyn

Hence, A+1=F

Now,

= (Ei*3 + E3171)
=E+1
=(A+1)+1



Hence, (E% + E‘%) (1+A2=24+A

(1] p = ,/1+352

Proof:
We have by, = (y.n+% — y,H_;) = (E%yn — E_ﬁ) Yn = (E§ - E_%) Yn

1

Hence, 6 = Ei — E3
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Hence, p = 1 (E% +E—%)

Hence, u?> =1+ 252

_1 2 52
12] A =68 +5y/1+

Proof:
We have 0y, = (y.n+% — y,H_;) = (E%’yn — E_%) Yn = (E% - E_%) Yn
Hence, 6 = E2 — E~2 - -- - (1)

Also,
A'yn = UYn+1 — Yn

= Eyn — U
=(E—Ln



Hence, A= E—1----(2) Now,

%52+61/1+%2 = %5 [+ va+ ]

= (8- 579) (81 29) o (51 5
= % (E% —E‘%) -(E% — E—%) 4 \/4+E—2—|—E—1]
= ; (E% — E‘%) (E% — E—%) 4 E+2+E*1]
NIRRT +E—%)1
DI CEDNEITS)
= % Eb - E*%) (2E%)
= &—ili
=A

Hence, A = ;62—!—6 1-|—%2

[ [13] P = E
Proof:
First let us define the differential operator by Dy(z) = %ﬂ, neN

Now, by Taylor’s series, we have

= dy(z) R dPy(z)  h dPy(z)
yz+h)=y@)+h dz * 2! dx? 3! dz?

o

h? h3
= y(z) + hDy(z) + EDay(m) + §D3y(:c) +...

(hDY’ , (hDY’

= |1+ hD+ 91 3]

+.o | yl®)

Ey(z) = *Py(z)  for y(z + k) = Ey(z)

Hence E = P



7. Locate and correct error in the following table of values

x 256 (3.0 35 (40 |45 |b.0 |b.5
y | 4.32 | 4.83 | 5.27 | 5.47 | 6.26 | 6.79 | 7.23

Answer:
We have to locate an error in the following data

X 25| 3 |35 4 |45 | 5 | 55
Y 432483527547 |6.26 | 6.79 | 7.23

Following is the diffrence table of the data
X Y AY A?Y A Aty AY A%Y

2.5 4.32
0.51
3 4.83 -0.07
0.44 -0.17
3.5 5.27 -0.24 1L
0.2 0.83 -2.68
4 547 0.59 -1.68 9.38
0.79 -0.85 2.7
45 6.26 -0.26 1.02
0.53 0.17
5 6.79 -0.09
0.44
5.5 7.23

Step - 1: First we find a column such that the differences in the column have alternating signs
and the next column has any two consecutive differences nearly same. We find that in
above table this column is at A*Y as all the diffences in the column have alternating
signs and the next column corresponding to A®Y has two consecutive differences -2.68
and 2.7 with nearly same absolute values.

Step - 2 : Now in the next column corresponding to A8Y we locate the differnce 5.38 of -2.68
and 2.7.

Step - 3 : We conclude that there is an error in ¥y = 5.47 which directly corresponds to
difference 5.38 in A%Y column.

Step - 4 : Now we find the central coefficient in the expansion of {1 — €)® which is

(s) = S =20
5.38

Step - 5 : We find the error by € = 20 = 0.269 =~ 0.27

( approximation is done as given values of y are with two decimal places.)
Step - 6 : Error correction, 5.47 + 0.27 = 5.74

Thus, actual value of y is 5.74 instead of 5.47.
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8. Locate and correct error in the following table of values

x 1 2 3 4 5 6 7 8
y | 3010 | 3424 | 3802 | 4105 4472 | 4771 | 5051 5315

Answer:
We have to locate an error in the following data

X 1 2 3 4 3 6 7 8
Y | 3010 | 3424 3802 | 4105 | 4472 | 4771 | 5051 | 5315

Following is the diffrence table of the data
X Y |AY AY AY A'Y ASY ASY ATY

1 3010
414
2 3424 -36
378 -39
3 3802 -75 178
303 139 -449
4 4105 64 -271 901
367 -132 452 -1580
5 4472 -68 181 -679
299 49 -227
6 4771 -19 -46
280 3
7 5051 -16
264
8 58315

Step - 1: First we find a column such that the differences in the column have alternating signs
and the next column has any two consecutive differences nearly same. We find that in
above table this column is at A*Y as all the diffences in the column have alternating
signs and the next column corresponding to A®Y has two consecutive differences -449
and 452 with nearly same absolute values.

Step - 2 : Now in the next column corresponding to A%Y we locate the differnce 901 of -449
and 452.

Step - 3 : We conclude that there is an error in ¥y = 4105 which directly corresponds to
difference 901 in ASY column.

Step - 4 : Now we find the central coefficient in the expansion of {1 — €)® which is

(6) 6xbxd __ 20

3x2x1
Step - 5 : We find the error by € = % = 45.05 = 45

( approximation is done as given values of y are integers.)
Step - 6 : Error correction, 4105 + 45 = 4150

Thus, actual value of y is 4150 instead of 4105.
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9. Derive Newton’s Forward Difference interpolation formula for equally
spaced values of arguments.

Answer:
Suppose (zo, %0), (T1,%1), (T2,%2) . - . s (Tn, Yn) are n + 1 tabulated values of z and y and it is
required to find a polynomial function y,(x) of n* degree such that

Yn(2r) = y(@+), r=0,1,2,....,n ---(1)
Let us assume that the tabulated values xp, 71, 73, ...,z are equally spaced at a distance h.
Therefore,
Bp=gp+Th; P=12....;n

Suppose, the n** degree polynomial y,(z) can be written as
Yn(Z) = ag + a1(z — o) + a2(z — zo)(x — 1) + as(x — zo)(z — z1)(z — T2)+
et an(z—zo)(z—z)(T—22) ... (T —Tp1) ---(2)

where the coefficients a, are to be determined subject to (1).

Now,

Yn{Zo) = y(x0) = a0 = %o
Also,

Yn(z1) = y(21) = a0+ a1(z1 — T0) = 11
= yo+a{z —zo) =%

Sl 1 — Yo
ry — Iy
Ay
= = —
ay h,

Similarly using yn(z,) = y(z.) we get,

Ayq oy B Ay, - Ao
2pz 2T 3Ip3 TR T plpn
Also for some p, if we assume z = 3 + ph then we have,

x—x, = (Zo+ph)— (zo+rh)=(—")h

a2 —

Substitutin in (2) we get
A2
yn(z) = yo+—(ph) 2.,’;'2°(p(p—1)h2+» ,hn Wip—1)...(p—n+1)A"

-1)...(p—n+1) .
yﬂ(m)=y0+pAyo+p<p 1) Pl )ngp ) Arge

which is Newton’s forward dlfference interpolation formula and it is useful for interpolation
near begining of the set of tabular values.

Ay + -

10. Derive Newton’s Backward Difference interpolation formula for equally
spaced values of argument

Answer:
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Suppose (Zo,Yo), (Z1,%1), (T2,Y2) - - -, (T, Yn) 8re 7 + 1 tabulated values of z and y and it is
required to find a polynomial function y,(z) of n** degree such that

yn(wr)zy(:c,.), r=0,1’2,__"n o (1)
Let us assume that the tabulated values z, z1, Z, . . . , T, are equally spaced at a distance h.
Therefore,
$n—r=.’L‘n—Th, 1‘=1,2,___,n

Suppose, the n** degree polynomial y,(z) can be written as

() =ag+a1(z—z,) +a2(Z—To)(z—Tp 1) +as(z — ) (T — Tn1)(T — T o)+
it (2 — T )T — 1) —Tpa)... (T — 1) ---(2)

where the coefficients a, are to be determined subject to (1).

Now,

Yn{Zn) = Y(2n) = ag = yn
Also,

yn(xn—l) — y(mn—l) = ag+ 01 (mn—l o xn) =Yn—1
= Yn + a1 (mn—l — Eﬂ) = Yn-1

=0y = Yn — Yn—1
Ln — Tp-1
Vs
= =
al h
Similarly using yn(z,) = y(z,) we get,
Vy, Vo, V™
EETT R A TT A

Also for some p, if we assume z = z,, + ph then we have,
ZT—2Zp = (Tpn+ph)—{(zn—1h)=(p+1)h
Substituting in (2} we get

Yn(T) =y + V}i’"‘(ph) + Z;?;n(p(p—l— DA% + - + Z:’f’:(p(p+ ...(p+n—1)h")

n! "

Yn(2) =yn + Vs +

which is Newton’s backward difference interpolation formula and it is useful for interpolation
near end of the set of tabular values.

11. For the following data the Forward and Backward Difference Tables
X g | X1 |Xo |X3 | Xy | Ty | Xg | &7 | g | Xg
Y (Yo |y (% |Ys |Ys Ys | Y6 | Y7 | YUs | Yo

are given next.




X Y‘ AY A?%Y A3Y AYY A’Y ASY A'Y A%Y A%Y
To Yo
Ayo
I Az’yo
Ay Aayﬂ
T2 Y APy, Alyo
Ays A3y1 A5yo
I3 Ys A2y2 A4‘!11 /-\61}0
Ays Ay, APy A7y0
T1 Ya A?yq Ay, ASy, APy
Ay, A3?Js A5ﬂ2 ATZ'Jz Agyo
T5 Ys Ay, Atyg Ay, APy
Ays Ay, APy, ATy
Te Yo Ay Aty APy,
Aye Adys Ady,
Ty Y7 /—\2'.!}6 A4y5
Ayr Adyg
Tg Yr A2y7
Ay
Zg Yo
TABLE 1. Forward Differences
X Y‘ VY V¥ V%Y VY VY VY VY Viy vy
o Yo
Vi
T Y V2y,
Vi Viys
T2 Y2 V2y3 V4'£I4
Vs Viy, Voys
3 Y3 V2y4 V4y5 Vsys
Vi Viys Voys Viye
Ty Y Vs Viys Voy; Viys
Vys Viys Voyy Viys Vg
L5 Ys Vys Viyr VPys Ve,
Vs Viyr Veys Viys
Ts Ys Vyq Viys Voyq
Vi Viys Ve,
Tr Yr Vyg Viyg
Vs Viyq
Ty Ys Vo
Ay
Xo Yo

TABLE 2. Backward Differences

13



14

12,

For the following data a Difference Table is obtained and the dif-
ferences used in Newoton’s Forward and Backward Interpolation
formulae are indicated.

X|5|10|15|20(25|30|35
Y |[10|12 |15 |20 |28 |37 |45

Y | AY APY AY AY APY AV AY APY AY

:I“ Ayo for Newton's Forward Difference Interpolation Formula
05 10
10 12
15 15
20 22
25 33
30 45
35 50
40 58
45 70
50 T‘\

F1GURE 1. Difference Table

13. The populations of a town were as under
Year(x) 1891 | 1901 | 1911 | 1921 | 1931
Population (in thousand) | 46 66 81 93 | 101
Estimate the population for the year 1895 and 1925
Answer:

For the given data

X

1891

1901 | 1911

1921

1931

Y

46

66 | 81

93

101
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We have to find y(1895)

Following is the diffrence table of the data
X Y \ AY AY AY AY

1891 46
20
1901 66 -9
15 2
1911 81 -3 -3
12 -1
1921 93 -4
8
1931 101

Here, we have h = 1901 - 1891 = 10
As, x = 1895 is near zy = 1891, we shall use Newton’s Forward Difference Interpolation formula

Let x = xg + ph

1 — 1891
Therefore p = AEH5 10 B =

Substituting for p and differences in the Newton’s Forward Difference Interpolation
formula

0.4

201 sy, 2= D02

- po—Dp-2E=3)\0

Yo + 2

L Pl 25)'(1) —3)(P—4) 55

Yp = Yo + PAyo +

Yo+ ...

we get 4(1895) = y, = 54.8528

Again As, = 1925 is near z, = 1931, we shall use Newton’s Backward Difference Inter-

polation formula

Let £ =z, + ph

1925 — 1931
10 B

Substituting for p and differences in the Newton’s Backward Difference Interpolation
formula

Therefore p = —0.6

by =+ 50+ PO Dy POH DO+ D0 20+ Do+ D0+ g0
PO D@Dt

5!

we get ¥(1925) = y, = 96.8368
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14. Derive Gauss’s Forward interpolation formula for equally spaced values
of argument

Answer:

Suppose ey (m—Sa y—3): (117_2, y—2)s (m—ls y—l): (930, yO)) (mls yl): (1'2, y2)7 (.’L‘3, y3)7 ... are some tab-
ulated values of z and y such that (zo, yo) is the central data.

For a given z near z suppose,
T =1x9+ph
and correponding value of y is g,

Suppose y, can be expressed using the forward differences near the central observation as

Yo = Yo + G1Ayp + GaA%y_1 + GaA3y_; + GA'y 5+ GsASy o+ . ..

where 1, Ga, ... are to be determined.
Now,
Up = E"yo
=(1+Aly
—1 —1){p—2
= 1+PA%+%A2%‘FP@ 3?'(]) )A3yu+...
—1 —1)ip—2
Sy =14 pAyg + g%Azm -+ P 3)'@ )A3yu s i
Also,
A’y =N (E )y
= A2(1 +- A)_lyo
=A1-A+A - A+ T
— A2yg . A3y0 + A4y0 T A5yg +...
Therefore,
Ay =A [Azy—ﬂ
= A [A%y — A%yo + Ay — A®yo + ... |
= APy — Ayo + APy — Afyp + ...
Also,

Aty_o=A* (E7%) g
= A1+ A) "y,
=AM1-2A+3A%—4A%+ ... ] wo
= Alyy — 2A%yy + 3A%y, — 4ATyp + ...



Substituting on the L.H.S. and R.H.S. of ( ??7) we get

1+ pAy+ p(p;l)Azyu 4P 13)!@_ 2)A3'yo
L Pl 1)(17—2)(?—3)A4y0+___

4]
= go + G1Ayo + G2 [A%yo — APyo + Ayo — APyp + ... |
+ Gs [A%yo — A'yo + Ayo — APyp+... |
+ G4 [A4y0 — 2A5’y0 + 3A6y0 = 4A7y0 i ]
Fion s

Equating the coefficients of Ay, A%y, Ay, ... we get,

G =p,
2
a, — p(iﬂ21 )
6= 0T =1
6= 2 Delr—Dip=2)
] B o+ 2o+ oty — Dip— 2)

5!

Substituting in ( ??) we obtain the Gauss’s Forward Interpolation formula given below

(P+ 1)p(p —1)(p— 2) Aty
4l
2 Dplp —1 2
(p+ v+ );(p )p — )Ay

Yp = Yo + PAY+——F—

.
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15.

For the following data the difference table assuming =z,
at the center is given in which the terms in blue color
are used in Gauss’s Forward Interpolation formula.

X T | Ty | X3 | X9 |1 |Xp |1 |2 | T3 | Tg Dy

Y | ys Y_a|¥Y3 Y2 | Y-1|%|% | Y Ys|UY Ts
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X Y |AY AYY A% AW A%Y Af%Y AY A% A% A
5 Y5
Ay_s
L4 Y-a Azy—s
Ay_4 Ady_s
T_3 Y3 Ay, Ay s
Ay s Ady_4 Ady s
T2 Y2 A%y_s Aty_, Ay_s
Ay_3 Aly_g APy 4 Ay g
T_1 Y1 A%y, Aty s ASy_4 Ady_s
Ay As’y—z A5y_3 AT?}—4 A%y_s
To Yo Aly 4 Aty ; Ay 3 APy_4 Ay g
Ayo Ay, APy 5 ATy 5 APy_,4
T W Ay Aty 4 ASy_y A%y 3
Ap Ay Ay ATy 5
T2 I A%y, Atyp Ay_,
Ay, Ady Adyq
Tz Y3 Ay, Aty
Ays Asya
Ta U4 A’ys
Ays
Ts U
16. Derive Gauss’s Backward interpolation formula for equally spaced val-

ues of argument

Answer:

Suppose . .., (z_3,y-3), (T—2,y-2), (T-1,Y-1), (Zo, %), (Z1,41), (%2, Y2), (3, ¥3), . . . are some tab-
ulated values of z and y such that (zo, yg) is the central data.

For a given = near z, suppose,

and correponding value of y is y,

T = xg+ ph

Suppose ¥y, can be expressed using the forward differences near the central observation as

Yp = Yo+ G’lAy_1 + G;Azy_l + G§A3y_2 + G'4A4y_2 =+ G},A5y_3 +...

where G},

Now,

4
PITRRE

are to be determined.

Yp = EPyo
=(1+ APy
| —1)(p—2
=1+ pAyo + LPZ' )A2y0 + plp 3)'(p )A3y0 +...
—1 ~1){p—2
S =1+pAy + Lpz, ) pry, + 22 33,@ Jatyo ..
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Also,

Ay_y = AE 'y
=A(l+A) "y
CA[L-A+AT- At ]y
= Ayo — APyg + A%yp — A'go + ...

Therefore,
A2y_1 = A(Ay—l)
= A [Ayo — A?yg + APyo — A'yp + ... |
= Ayo — APyo + Atyg — APyo + ...
Also,

Aly_p = A’E %y,
= A%(1+A) %y
=A*[1-2A+3A*—4A?+ . ]y
= A3yg — 2A%p + 3A%, — 405y + ...

Aty 5= A(A3y_2)
— A(Aa’yg T 2A4y[] =+ 3A5yg = 4A6y0 4o )
= Aty — 2%y + 3A%, — 4ATyo + . ..
Substituting on the L.H.S. and R.H.S. of { ?7) we get

1+ pAgrt p(P )Az P(P—l)(P_z)AayO

-1 2
% P(P )(P4I )p — 3) Aty
=y + Gy |Aya — A290+A3y0—A4y0+---]

[

+ G’ [A2y0 — A3y(] + A4y0 = Aﬁy[) ol ]
[
[

+ G’ A3yo = 2A4y0 + 3A5y0 = 4A6y0 +.. ]
+ G’ A4yg %X 2A5y[) + 3A6y0 =5 4A7y0 . ]
=+ -

Equating the coefficients of Ayg, A%y, Ay, ... we get,

G1=p1
+1
G2=p(p2! )
6y = B+ VA=)
(P+2)(P+1)P(P—1)
Gy= 1

_+2)(p+1)plp - 1)(P 2

5!
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Substituting in ( ?7) we obtain the Gauss’s Forward Interpolation formula given below

+1 —1
=+ g 122 Dpsy @O s,

31
(p+2)(p+1>p(p— I
Al
L +2p+ - 1De-2) s
5! -
o aes

X T 5| T4 |T3|T 2|1 |Tog|T1|%2]|Xg | Tg Ty
Y Y5 |y-a|y-a V2 |¥1|Y % |Y2|¥s|Y Ts

17. For the following data the difference table, assuming =z, at
the center, is given in which the terms in orange color
are used in Gauss’s Backward Interpolation formula.

X Y \AY A?%Y N3y AtY A%Y ASY ATY ABY A%Y ALY
L5 Y5
Ay_s
T_4 Y4 A?y_s
Ay_4 AMpp
T3 Y3 Ay 4 Ay s
Ay_3 Aly_y Ady_s
Ty Y2 A?y_g Aly_, Ay
Ay_p Ady 5 Ady 4 ATy 5
T Y Ay, , Aty_g Aby_, . Ay s
Zo
Ayo Ay 4 Ay ATy 3 A%y_y
. Ayg Aty Ady_g APy 5
Atp Ay, ASy_, ATy,
T2 Yo R Ay 34 Aty g APy_;
Y2 n Yo
I3 Us Ay, Aty
Ays Ay,
T4 Y4 A?ys
Ay,
s Y5

18. Derive Stirling’s interpolation formula for equally spaced arguments.

Answer:

Suppose il (I_3, y—S)! (2—2: y—2): (m—la y—l): (mU! y0)1 (3:1: yl): (mZJ y2)1 (173, y3): <

ulated values of x and y such that (zo, %) is the central data.

are some tab-
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For a given = near z, suppose,
=9+ ph

and correponding value of y is y,

Then we have Gauss’s forward and Gauss’s backward interpolation formula as given below,

p(p )A2_ +(p+1)p(p_1)A3

Yp = Yo + PAYe+

3l
(p+ Dplp —1)(p = 2) 14
4! v-
(p+2)(p+ Lp(p—1)(p— 2)
5! E
+...
and
Yo = Yo —I—pAyﬁl-i—p—(p; I)AZ 1+ o+ 1);@ 1)/_\3
2 1 3
(P+ )(PL Jp(p—1) "
(P+2)(p+l)p(p—1)(p—2)A5
5! a

+ e
Adding and dividing by 2, we get,
A Ay_ 1 -1
Yo + Ay 1) +§ ((p+ )+ (p )) o

2 2
Lo+ 1)plp—1) (A‘*y_l + A3y—z)

’yp=yo+17(

3! 2
P OEIED (G202 b,

4] 2
F zon

Simplifying we get the Stirling’s Interpolation formula

B Ay_1 + Ay A p(p® —1) (A% + A%y,
yp_yﬁp(T)J“ztA T 2
p2(p2 1)

A4y_2 +

Stirling’s formula is most desirable when —1 < p <

1oy
TS

19. For the following data the difference table assuming z, at the center
is given in which the terms in blue color are used in Stirling’s
Interpolation formula.

X T | Ty | X3 | X9 |1 |Xp |1 |2 | T3 | Tg Dy
Y Y5 Y4 Y3 Y2 Y1 % | Y2|Ys| Yo Ts
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X Y \ AY A%Y Patss AYY AY APY ALY rata A%Y AVY
5 Y5
Ay_s
L4 Y-a A2y_5
Ay_4 Ady_s
T_3 Y3 A%y 4 Aly_g
Ay s Ady_, Ady_s
T2 Y2 A%y_s Aty_y Aby_5
Ay_3 A’y g APy Ay g
T_1 Y1 Ay, A'y_s Ady_4 Aly_s
Ay_, Ay 5 APy _g ATy_4 Ay _g
To Yo Ay 4 Aty 5 Ay g APy_4 A%y
Ayo Ay, APy 5 ATy g ASy_4
T W APyy Aty 4 ASy_, APy g
Ay Ay Ayl ATy 4
T2 I Ay Aty Aby
Ay, Ay Adyq
Tz Y3 Ay, Aty
Ays APy,
Ta I Agya
Ay,
Ts U
20. The following table gives the values of e* for certain equidistant values
of z. Find the vales of ¢ when z = 0.633
x 0.61 0.62 0.63 0.64 0.65 0.66 0.67
y =e® | 1.840431 | 1.858928 | 1.877610 | 1.896481 | 1.915547 | 1.934792 | 1.954237
Answer:
For the given data
X 0.61 0.62 0.63 0.64 0.65 0.66 0.67
Y | 1.840431 | 1.858928  1.877610 | 1.896481 | 1.915547 | 1.934792 | 1.954237

We have to find y({0.633)

Following is the diffrence table of the data
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X Y | AY A?%Y AYY AYY ASY ASY
0.61 1.840431
0.018497
0.62 1.858928 0.000185
0.018682 0.000004
0.63 1.877610 0.000189 0.000002
0.018871 0.000006 -0.000024
0.64 1.896481 0.000195 -0.000022 0.000083
0.019066 -0.000016 0.000059
0.65 1.915547 0.000179 0.000037
0.019245 0.000021
0.66 1.934792 0.000200
0.019445
0.67 1.954237

Here, we have h = 0.62 - 0.61 = 0.01

We shall use Gauss’ Forward Interpolation formula,

Here, 0.633 lies in [0.63, 0.64]

So, we can appropriately choose 0.63 as central argument

Take zo = 0.63
Let z = zg + ph

Therefore p =

0.633 — 0.63
0.01

= 0.3000

Substituting for p and differences in the Gauss’ Forward Interpolation formula

Yp = Yo + PAyo +

2!

we get 1(0.633) = y, = 1.883251

p(p— 1) A2y_1 1 (p+ l)p(p T 1) A3y_1 T (p+ 1)p(p " ]-)(P— 2)A4'y

4! -2
L2+ l)gl(p — D@ —2) 4

3!

Y3 + i

21.

Using Gauss’s forward interpolation formula find f(32) , given that
f(25) =0.2707, f(30) =0.3027, f(35) =0.3386, f(40)=0.3794

Answer:
For the given data

X

25

30

35

40

Y | 0.2707

0.3027

0.3386

0.3794

We have to find y(32)

Following is the diffrence table of the data



X Y| AY AY A%

25 0.2707
0.0320

30 0.3027 0.0039

0.0359 0.0010
35 0.3386 0.0049
0.0408

40 0.3794
Here, we have h =30-25 =5

We shall use Gauss’ Forward Interpolation formula
Iere, 32 lies in [30, 35]
So, we can appropriately choose 30 as central argument

Take zo = 30
Let x = xg + ph

Therefore p = ﬂ_sﬂ =04

Substituting for p and differences in the Gauss’ Forward Interpolation formula

pt+Upp-1) e, B+ 1)p(p4: Ne-2) e, ,
L2+ 1);(:» —U(@—2) s

P(P—l) 2
T Al 3

Yp = Yo + PAYs +

we get y(32) = y, = 0.316536

Ya+ ..
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22. By using Gauss’s backward interpolation formula find a cubic polyno-
mial f(z) given that

fLy=-1, f(2)=11, f(3) =35, f(4) =77, and , f(5) = 143
Hence find f(0) and f(6)

Answer:
Given data can be tabulated as follows

X1, 2,3|4]| 5
Y -1 11 35|77 143

Following is the diffrence table of the data




X Y|AY A A%y Aty

1 -1
12
2 11 12
24 6
3 35 18 0
42 6
4 77 24
66
5 143

Here, all the arguments are equally spaced and their common difference is
h=2-1=1

For applying Gauss’s forward interpolation formula we choose cetral observation zo = 3
Letz=2zo+ph=3+p(l)=p+3

Substituting £ — 3 for p and differences of ¥ in the Gauss’s forward formula we get

F(&) =y +pAy, +

p(p;!L 1) A (p+ 1);(? =) Adg,
E (p+2)(p+1)p(p—1) Ay,

4!
| +2)(p+ 1);(11— 1)(p— 2)A5y_3+_._
— 35+ (z— 3)(24) + &= 2)25"” =9 yerke— 2)("""?; e =) )
= 35+ 24z — 72 + (92% — 45z + 54) + (z° — 92% + 263 — 24)

=z 4+52-7

Thus, the required polynomial is y(z) = 2% — 5z — 7

Therefore, f(0) = —7 and
(6) = 6% — 5(6) — 7 =216 — 30 — 7 = 179

25

23. By using Gauss’s backward interpolation formula find /12525
/12500 = 111.8034,v/12 = 111.8481, v/12 = 111.8928, v/12 = 111.9375, /12 = 111.9822

Answer:
For the given data

X | 12500 12510 12520 12530 12540
Y | 111.8034 | 111.8481 | 111.8928 | 111.9375 | 111.9822

We have to find y{12525)




Following is the diffrence table of the data

X Y| AY AW A¥ A%
12500 111.8034
0.0447
12510 111.8481 -0.0000
0.0447 0.0000
12520 111.8928 0.0000 -0.0000
0.0447 -0.0000
12530 111.9375 0.0000
0.0447
12540 111.9822

Here, we have h = 12510 - 12500 = 10

We shall use Gauss’ Backward Interpolation formula

Here, 12525 lies in [12520, 12530]

So, we can appropriately choose 12530 as central argument

Take x5 = 12530

Let £ = zo + ph

12525 — 12530
10 !

Substituting for p and differences in the Gauss’ Backward Interpolation formula

—0.5

Therefore p =

+1 +1)p(p — 1
Vo=t +py-s + ELEAry EEVHE D psy

(p+2E+ 1)
2! 3!

4]
+@+%@+¢§@—U@—QA

Y2

we get y(12525) = y, = 111.91515 ~ 111.9152

y_3+ ...
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24, Use Stirling’s formula to find u3;, given that
ugg = 14.035, ugs = 13.674, ugg = 13.257, ugs = 12.734, uy4p = 12.089 and uys = 11.309

Answer:
X 20 25 30 35 40 45

Y | 14.035 | 13.674 | 13.257 | 12.734 | 12.089 | 11.309
We have to find y(32)

Following is the diffrence table of the data



X Y| AY A?Y A% AY AYY

20 14.035
-0.361

25 13.674 -0.056

-0.417 -0.050

30 13.257 -0.106 0.034

-0.523 -0.016 -0.031
35 12.734 -0.122 0.003

-0.645 -0.013

40 12.089 -0.135

-0.780

45 11.309
Here, we have h =25-20=5

We shall use Stirling’s Interpolation formula
Here, 32 lies in [30, 35]
So, we can appropriately choose 30 as central argument

Take zy = 30
Let £ = ¢ + ph

Therefore p = %ﬂ = 0.40

Substituting for p and differences in the Striling’ Interpolation formula

Ay_1+A —1) (A%, + A¥y_ -1
yp=y0+p (_y12 yﬂ)+%2A2y_1+p(p23l ) ( Y- 5 u 2)+p2(pz' )A

we get y(32) = y, = 13.06201094

4y_2—|—...
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25. Find the cubic polynomial which takes the following values

y0)=1, y(1)=0, y(2)=1, y(3)=10
Hence find the value of y{4) — y(0.5)

Answer:

Given data can be tabualted as follows
x|0/1]2 3

y|0/0|1] 10

Following is the difference table of the data
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X Y|AY AYY A%Y

0 1
-1
1 0 2
1 6
2 1 8
9
3 10

Here, all the arguments are equally spaced and their common difference is
h=1-0=1

Let z=z9+ph=0+p(l)=p

Substituting z for p and differences of ¥ in the Newton’s forward difference formula we get

f(z) =y0+PAyo+%A2yo+"'+p(p—1)"?'1$p—n+1)ﬂn'yo
(z—1 oz — Dz — 2
= 1+x(—1)+%(2)+ ( 3)|( )(6)

=l—z+z(z-1)+z(z—1)(z-2)
=l-z+2*—z+z(z® - 3z+2)
=l—-gs+2?—z+2° 32+ 2

=z —22%2 +1

Thus, the required polynomial is y(z) = 23 — 2z% + 1

Now, y(4) — y(0.5) = (4% — 2(42) + 1) — ((0.5)® — 2(0.5%) + 1) = 33 — 0.625 = 32.375

26. Bessel’s Interpolation Formula
—1) (A% ; +A? S
2! 2 3!
L+ l)plp—1)(p-2) Aly_s + Aty N
4! 2

NOTE : Bessel’s formula is most desirable when % €£p< ?I
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27. Everett’s Interpolation Formula

2_ 12 2 12\(2 _ 92
_'_Q(q 3| 1 )A2 y_ +Q(q 15)|(q 2 )A4y_2+
2 _12 2_22
py1+p(p2 )Az p(p? 5)'(19 )

Yp = G0

+ A4y_1 =+ s

where g=1—-1p

28. Let y = g(x) be a function such that
9(20) = 2854, g(24) = 3162, g(28) = 3544, ¢(32) = 3992
Use Bessel’s formula to obtain g(25).

Answer:
For the given data

X 20 24 | 28 | 32
Y | 2854 | 3162 | 3544 | 3992

We have to find y(25)

Following is the diffrence table of the data
X g \ AY A?ZY A3Y

20 2854
308
24 3162 74
382 -8
28 3544 66
448
32 3992

Here, we have h =24 - 20 =4

We shall use Bessel’s Interpolation formula

Here, 25 lies in [24, 28]

So, we can appropriately choose 24 as central argument

Take zyp = 24
Let z = zg + ph
25— 24

Therefore p = T = 0.25




Substituting for p and differences in the Bessel’s Interpolation formula

—1) (Aly_; + A® —1)(p—3

21 2 3!
(p+ Vplp— 1)(p—2) [Aty_o+ Ay,
+ . ( ! ) Lo

we get 4(25) = y, = 3250.875 ~ 3251

29. Let y = g(z) be a function such that
g(20) = 2854, g(24) = 3162, ¢(28) = 3544, ¢(32) = 3992
Use Everett’s formula to obtain g(25).

Answer:
For the given data

X 20 24 | 28 | 32
Y | 2854 | 3162 | 3544 | 3992

We have to find y(25)

Following is the diffrence table of the data
X g \ AY A?ZY A3Y

20 2854
308
24 3162 74
382 -8
28 3544 66
448
32 3992

Here, we have h =24 - 20 =4

We shall use Everett’s Interpolation formula

Here, 25 lies in [24, 28]

So, we can appropriately choose 24 as central argument

Take zyp = 24
Let z = zg + ph
25— 24

Therefore p = T = 0.25




Substituting for p, q and differences in the Everett’s Interpolation formula

2 _ 12 2 12 2 22
Yp=qyo + %Az'y—l + Q(q 5)'(q )A4y_2 + s
— 12 — 12}(p? — 22
e B PN
whereg=1-p

we get y(25) = yp, = 3250.875 ~ 3251

31
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