|

B
UNIT :
Curve sketching

2 -
®  Definition :

Cartesian equation : Equation in the form fix, y) = 0 or y = g(x) or x = h(y) i Caly
Cartesian equation. ‘

Parametric equation : Equation in the form x = f{r); y = g(r) where ¢ is Paramete; o
called parametric equations.

2
2 2 N el (x—=2)(x+1)
CE. X =4 A B “:4; = —; -
g a, x +y y 5 y =

are cartesian equatig,

GRAPH OF CARTESIAN EQUATION

To sketch the graph of cartesian equation we have to discuss following points.

(1) Intercepts :
For
X — intercepts : put y = 0
y — intercepts : put x = 0
(2) Symmetry :
We have to discuss three types of symmetry.

(i) Symmetry about X-axis : Given curve is said to symmetry about X-axis, if we replace
y by — y equation remains unchanged.

(ii) Symmetry about Y-axis : Given curve is said to symmetry about Y-axis, if we replace
x by - x equation remains unchanged.

(iii) Symmetry about origin : Given curve is said to symmetry about origin, if we replace
x by — x and y by - y, equation remains unchanged.

® Remark :
(1) If all powers of x are even powers, then equation is symmetry about Y-axis.
(i1) If all powers of y are even powers, then equation is symmetry aboyt X-axis.

(iii) If given equation is symmetry about X-axis and Y-axis both then it is also symmetry
about origin.
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Discuss psymptote for Cartesian curve,

t
\  Ans et .
\ pel A line is said to asymptote of the curve, if the perpendicular distance between
soints on the curve and points on the line tends to 0, when curve goes away from OTIgin
e s There are (WO types of asymptotes.

Vertical asymptotes : For the curve y = ps%) , where p(x) and g(x) are polynommlf,

)
. q(x)
Take g(x) = 0 then find values of .

p(x) _ dg+ax+agx’ + ..+ apx”
q (x) by + byx + byx* + ... + byx"

(i) Horizontal asymptotes : For the curve y =

m

o :
o HKEm=n then y=;— is horizontal asymptote.

o Ifm<n then y = 0 is horizontal asymptote.

- Ifm>n then horizontal asymptote is not possible.
Ex. 1. Find asymptote for the curve y=x3 —3x2 -2x.

Sol". :
. Vertical asymptote : Take g(x) = 0

1 = 0, not possible

Vertical asymptote is not possible.

x* =3x? - 2x
1

« Horizontal asymptote : y =
m=3n= 0,m>n
Horizontal asymptote is not possible.

p (x)

q (x)

« First take p(x) = 0 and g(x) = 0, then find values of x.

e  Arrange above values in increasing order and make different intervals.

(4) Sign of %y’ : For the curve y =

e Check sign of y in above intervals.

Ex. 2. Sketch the following curve. OR Trace the graph of following. OR Disscuss
: symmetry, intercepts, asymptotes and sign of function for the following curve.

He:cyketch the curve.
1) y=x’ 3x? + 2x

Sol”. :
y=x(x* -3x+2)
y=x(x—~2)(x~-1)

SPU. June-2012, December-2012



(i)

(ii)

Intercept :
X - intercept : Put y = 0, we get.
O=x(x-2(x=1)

x=0,1,2| are x - int.

Y - intercept : Put x = 0, we get.

y=01 is y - int.

Symmetry : _
Symmetry about X-axis : If we replace y by -y, we get
—y=x(x-2)(x=1)
=-x(x=2)(x-1)
Thus equation is change.
It is not symmetry about x-axis.
Symmetry about Y-axis : If we repiace x by - x, we get
= & {=x = 2) (~ x =)
y==x(x+2)(x+1)
Thus, equation is change.

It is not symmetry about y-axis.

— Symmetry about erigin : If we replace x by — x and y by — y. We get,
—y==xX(=x-2)(-x-1) :
-y==x(x+2)(x+1)
y=x(x+2)(x+1)

Thus equation is changed.
It is not symmetry about origin.

(iii) Asymptotes :

e y=x(x—2l)(x-l)

— Vertical Asymptotes :

Take 1 = 0, which is not possible, so vertical asymptote is not Mle

—> Horizontal Asymptotes :

Here, m =3, n =0, m > n. et T

Horizontal asymptote is not possible. L-55
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) Sign of '_V. }

(y
- =X (x=2)(x=1)
Toke : x(x=2)(x=1)=0
x=0 2 1
x=012 - a 2
Ngs 0 I 2 + o0

Intervals are (= e, 0), (0, 1), (1, 2), (2, oof
Here y = X (x = 2) (x =~ 1)
If xe(=e 0), then

y=(=ve)(-ve)(—ve)= y<0 !

if xe€(0,1), then
y=(+ve)(-ve)(-ve)=y>0 /

If xe(1,2), then e 0 1 2
y=(+ve)(—ve)(+ve) = y<0 \_/

If X€E (2. °°)' then

/‘(+ ve) (+ve) (+ve)= y>0 v
’/
G,

SPU, December-2014, June-2011, November-2010

(2) .V=xz_4'

(i) Intercepts :
X-intercept : Put y = 0

>

Y-intercept : Put x = 0

2 i (R |

X —l T ——
0=x2—4 4 e
0=x>-1 y=0.25| is y-int.

x==*1| are x—int.

(i) Symmetry :
2 —
— Symmetry about X-axis : If we replace y by — y, we get —y = xz v
x -

equation is

changed.

» It is not symmetry about x-axis.
(-x*=-1_x*-1

— Symmetry about Y-axis : If we replace x by — x, we get y =( TG e
—_— — 'r —_—
equation is not changed. >
It is symmetry about y-axis.

Calculus /2018 / 11
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— Symmetry about origin : If we replace x by — x and y by — . -

_=ni-1
T~ 4
2

o Mg x‘ - equétion is changed.
x -4

It is not symmetry about origine.

(iii) Asymptotes :

2
x' =1
Here y=
$ x* -4

Vertical asymptote :
Take x> -4=0 T T SR 2 } are vertical asymptotes.
Horizontal asymptote :
Herem=2,n=2 . m=n

1
Then y=T=l is horizontal asymptote.

(iv) Sign of ‘y’ :

3 y_xz-l
x* -4
Take, x* -1=0 and X -4=0
X2=l - x2=
x=%1 & Xmet2
x==2-112
<
R 1 Drigints ] Las
«% Intervals are (- e, - 2), (-2, - 1), (- 1, 1), (1, 2), (2, )
1
DAy

If xe(-o0,~2), then y=) o 50
(+)
If xe(~2,-1), then y=f—+; = y<0

If xe(~1,1), then y=(i‘—)’ =y>0
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‘f X€ (‘. 2) “\c" y = :.: s ve()

If x€(2,0) then y= ::: = v>0

Xeo) Y .
’ A . ’ .
% .
| i
| |
i |
\ |
\ |
: |
e ": """"" |1 e S REELEEEEEEEE +y=]
|
i 0.25 :
; |
; i
|
i = 1) X
i :
| |
! 1
! |
| |
) |
| |
o v ¢ v
- 2 ‘ . -
3 y= G+ (x-2) y=x2_x_2 , Nov. 2015, April-2015
Sol”. :
(i) Intercept :
X-intercept : Put y = 0 Y-intercept : Put x = 0
> d 2
0 = 2 is not possible. =— = =-~1]| is Y-int.
P iy 1(=2) y 1S Y-In

X-intercept is not possible.

(ii) Symmetry :
- Symmetry about X-axis : If we replace y by — y, the equation is changed.
~ It is not symmetry about X-axis.
—~ Symmetry about Y-axis : If we replace x by — x, the equation is changed.
It is not symmetry about Y-axis.
= Symmetry about origin : If we replace x by — x and y by — y, the equation is changed.
~ It is not symmetry about origin.
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(iii) Asymptotes :
2

xt-x=2
Vertical asymptotes :
Take x*-x-2=0
=-2)(x+1)=0
o jx=2| o [x=-]
Horizontal asymptotes :
Herem=0,n=2 . m<n
y=0{ is horizontal asymptote.

are vertical asymptotes.

(iv) Signof %y’ : y= - -
X =x=2
= x'-x-2=0
G=-2)(x+1) =0 o - 3 o
==12
. Intervals are : (- oo, — 1) (=1, 2), (2, )
2

A o)
= y>0

(+)
~ If xe(-1,2), then y= (+) 0
B oo =8

S (t)
If xe (2,), then y @ = y>0
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(ii)

June-2011, November-2010

Intercept :

Xeintercept : Put y = 0, we et 0 = (y

I) (x + 2)

[:_:—;‘!.A:.Z_ are X-intercepts

Yeintercept : Put x = 0, we get y = (=1 (2)
' 0

y==oo| not possible.

Y-intercept is not possible.
Symmetry :
Symmetry about X-axis : If we replace y by - y, equation is changed.
.. It is not symmetry about X-axis.
Symmetry about Y-axis : If we replace x by — x equation is changed.
It is not symmetry about Y-axis.

Symmetry about origin : If we replace x by —x and y by — y equation is changed.

It is not symmetry about origin.

(iii) Asymptotes :

=

(x=-D(x+2)
x(x-4)

Here, y =

Vertical asymptote :

- T‘kg x(x-4=0

x=0,4| are vertical asymptotes.

Horizontal asymptote :
Herem=2,n=2 . m=n

y=-:- = | 1| is horizontal asymptote.
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(iv) Sign of y’ ¢

=1 (x+2)
- x(x~-4)
Take x - D) (x+2)=0 and x(x-4)=0
x=1 -2 v | x=0, 4
x=-2,014 - ) 0 |
Intervals are (=eo, =2), (- 2, 0), (0, 1), (I, 4), (4, ).
(=) (=)
If xe(=,-2), th = =y>0
R oo
(=) (+)
If —2.0.th RS ShTal b <
B
(=) (+)
If xe(0,1), the e e
o0 ™
(+) (+)
1If 1,4), th
e 0 ()()”
_iH) ()
If 4.00'[h 0
e T ow
Y =4
K ?k’
Ty
4 2o
‘




(x+3) (x~1) . x24+2x-3 N

B IS kD | Dedr
T
(i) Intercept :
Xeint : Put y =0, we get 0= (x +3) (x = 1)

==3 1| are x-int.

@A) D
0

Y-int : Put x = 0, we get y=

y =90 | not possible,

y-intercept is not possible.
(ii) Symmetry : :
Symmetry about X-axis : If we replace y by - y, equation is changed.
It is not symmetry about X-axis.
Symmetry about Y-axis : If we replace x by - x, equation is changed.
It is not symmetry about Y-axis.
Symmetry about origin : If we replace x by - x and y by - y, equation is changeq
It is not symmetry about origin.
(iii) Asymptotes :
(x+3)(x-1)
x(x+2)
Take x (x + 2) = 0

Here, y=

x=0,-2( are vertical asymptotes.

Also here m =2, n = 2 Somimop

)"'—"ll' = | y=1] is horizontal asymptote.

(iv) Sign of ‘y’ :

x~-1
Here, y=(x:(i)f_2) )
Take, (x+3)(x-1)=0 and x(x+2)=0
x=-31 o | x=0,-2
[x=-3-20,1

Intervals are (=‘ssi'= 3, {~ '3+ 2), ¢ 2, 0);(0;- 1), (1; =)



B
(x +

3) (x=1)
X (x+2)

Hem y=

g (<))
€(=,-3), then y=2717)
It X =) ()

[f xe(=3,-2), then y=HC)

71

= y>0

Eiey T IS0

(+) (=)
-2,0), th =
If x€ (-2,0), then y S5 >0
_#H-)
if xe (0,1), then )'—(+)(+) = y<0
_#HH
B Y e >0
x==2
.
S -
F_4.._2§_101234*.X
; |

Sol". :
(i) Intercept :
X-int : Put y = 0, we get 0 = x°

x=1

are x—int.

(i) Symmetry :

Y-int : Put x = 0, we get

y=——-=—=|0

1S y-int.

Symmetry about X-axis : If we replace y by — y, equation is changed.
It is not symmetry about X-axis.
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Symmetry about Y-nxis : If we replace X by = % &
5 It is not symmetry about Y-axls,

" Symmetry about orlgin : If we replace x by

It is symmetry about origin.

~ x and y by =y, equation |y p
'v

"fl"
!

() Asymptotes

)

Here, y=
4 X!«
Take I’ -l=0 ,\'2 = |
x=%1| are vertical asymptotes.

Also here m =3, n = 2 wom > n

Horizontal asymptote is not possible.
(iv) Sign of ‘y’' :

-~ (+)
(x-2) (x* +1)

Take, x'=0 and =1=0
x=0 x=21
x==101
Intervals are (- o, = 1), (= 1, 0), (0, 1), (1, ).
If x€ (=, ~1), th ©) o y<o gl x:l
(=, ~1), then y g y ? ? :
' ]
- ' '
If xe(=1,0), then ytt—) = y>0 E E
If xe(O.l).lhen y=w =y<0 E : — X
| # = e l
If xe (1), then y=2 = y>0
¢

9 y=

Sol". :

(i) Intercept :
X-int : Put y = 0,

0=(x-2)(x*+1)

(x=1) (x +1)?

x-2=00r x241=0
x =2 or x>=-1 not possible.

x=2| is x-intercept.

‘-----------

Y-int : Put x = 0

ok 2 S
D@D ‘ol
y=2]| is y-intgrcept.

Wit '.‘)
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mm.'" about Xenxis : If we Np' we v by y, equation s ""“""-""

. It is not symmetry about X-awis

gymmetry about Yeaxls : If we replace x by - r, equation is changed
ST ¢ not symmetry about Y-axis,

swme(ry about origin : If we replace x by ~ x and y by - y, equation 1% changed

It is not symmetry about origin,

(ﬂ) Amptolu H
(x=2)(x’ +1)
Y’?;.])(r + 1’

Tuke (x=D(x+1) -o
~1=0,(x+1)2=0 = x=1,-1

= X

x=1,-1]| are vertical asymptotes.

Also here m =3, n =3 Som=n

y:} = | y=1| is horizontal asymptote.

(iv) Sign of ‘Y’
Take, (x - 2)(x +1)=0 and (x=1)(x+1)?=0

x=2 AP x=lv_l »
x=-11,2

< - - >
— o0 -1 1 2 + o0

+ Intervals are (- =, — 1), (- 1, 1), (1, 2), (2, =)

i) h)
— o0, — 1), the = 3 0
If xe( ), then y= (—)(+) =.x>0

D e y= 0T 50

(=) (+)

O
®

X xe(L,2), then y=

(
(+)(+)

If 2, %), the 0
X€ (2,0), then y= ()()=>y>
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GRAPH OF PARAMETRIC EQUATION

To sketch the graph of parametric equation x=f(r); y = g(t),
following points.

1. llltmept : Xintercept and Y-intercept.

2. Extent to the curve : Extent to the curve is region of the

~

Y-axis. a0 1y
| vV

we have to discy
|

curve on X-axis g

3. Tangent parallel to the é;rv/e): For the curve x = fir); y = g(1).

We know that slope of tan}ent = %

(dy
a If |— =0, then tangent at pt p(x, y) is parallel to X-axis.
plx.y)

 dx

dx

A ) (QJ —> o= then tangent at pt p(x, y) is parallel to Y-axis.
P

\ (z, y)

4. Asymptotes to the curve : For the curve x = f(r), y = g(r). There are two type of

asymptotes for parametric curves.

(i) Asymptotes parallel to axes : Find limiting value of parameter of ‘¢’ for which
any one variable x or y is finite and the other — eo. Finite value of x and vy

are called asymptotes parallel to axes.

(i1) Oblique asymptotes : Find limiting value of parameter of ‘s for which both
variable x — % e and y — * <o, then there is a possibility of oblique asymptotes

If oblique asymptote is exists, then it is in the form

Y=mx+c| where

_lim dy S
=T R (y — mx).

R PR AT D
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®  Theorem-1 :

If a curve given by x = f(1), y = g(¢) and both x and y get numerically large as ¢ approches
some number say a. Then an oblique asymptote to the curve if it exist is given by

> ' li
Yy = mx + ¢, where m=t!'_r)na(éy—).0=,ir,na()"”u)- -

SPU, April-2016, Nov. 2015, April-2015, December-2014, September-

2014,

November-2013, June-2012, November-2012, December-2012. June-2011]
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fﬂ‘" X pave given that,

we
if 1 _’a,mcnx-*mnmlvmyr-

By definition, there is a possibility of oblique asymptote
ist then it is in the form y = mx 4+ ¢,

m = slope of tangent to the curve,
= slope of asymptote at the infinity

_ D o infinity
dx
dy X—> oo»
o
B itc >y a
dx
lim (dy
m=, 5 al ax

S Nowweﬂndc i
We know that perpendicular distance between any point p(x, y) of the curve 10 the line
mx—y+c \

_y4+c=0is
mx - Y - m? +1

We know that distance

|mx-y+C|_)0 at infinity ie., at x = o and y — °°

m* +1
Thas |"“_2y+c'—>0.ift—)a
m +1

lim lmx-y+cl
Thus 4 5 4 A 2
» MM ymx-y+cl=0
= tl_i_f’“a mx-y+c=0
‘; lim

cq,_’ay-mx

Calewbus / 2018 / 13
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) '/ *:"?Q -(.‘q'(
ind totes for the curve given b =+ _'- ¢ y={ -~ ,'_ |
x. 4 : Find asymp given by x = ’z.y .

= m%

Asymptote parallel to axes :
I |
Here x=r+-t-2—, y=t-;_2‘te R

Here, we can not find any value of ‘¢’ for which one variable x or y is finite g5 ™
is infinite.
Asymptote parallel to axes are not possible.
— Oblique asymptotes :
Ift > 0,then x = o and y — o

Also, If + — oo, then x — o and y — oo

There is a possibility of oblique asymptote.

If it exist then it is in the form | y=mx + ¢

5 (])

— Fort-> 0:

dx
We know that ——=1—%=l—2t’3 and iy—=l+—2-=]+2t‘3

dt t dt r3

dy 1+27° 1242

dx 1-273 P

iy iy
t—=0 dx
_ lim [ +2
t—0 3 -2
L 0+2
T 0-2
m= -]

=tlil)n0(y+‘)
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- (2)

.
} y it S
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which satisfies equation (2).



. 2. x = cos?, y = 2sin®
(1) Intercept :
x-intercept : put y = 0, we get
0 = 2sin6
sin =0 . .
O=nx.ne Z

Now.Xx = cos20 = cos2 (nn)

xa=1




S et

~1 % 5inf 5 |
= ~2% %ind < 2

s "'2"‘2

2c080 el
cC ' OMO sin®




(4) Asymplotes :
Asymptotes parallel to axes :

Here we can not find any limiting value
of 8, for which one variable is finite and other
is infinite. Therefore any asymptotes parallel
to axes are not possible.

Oblique asymptotoes :

There not axist any value of 6, for

which variable x = e and y = o (0~ #

oblique asymptotes is not possible.

x=42 -4, y=1-402:

(1) Intercept :
x-intercept : put y = 0, we get
0=1-47
4 = |
s
4
=t
2
x=4f[1]-4(L) PO (L4 il (B
2 4 2
=1-2 - =1+2
x=-1 AT 5 T
So, x = -1 and x = 3 are x—intercepts.
y-intercept : Put x = 0, we get,
0=4r2 - 4
0=41(t-1)
t=0 - or t=1
y=1-0 y=1-4
y:l y=—3

So, y =1 and y = -3 are y-intercepts.




 that e — 17
7”20
g S0
. l=aig
-l yel
to axes :
i ot
4 -1
: We know that
0,
y =1-4p2
y=1

panllel to x-axis at (0, 1.).
; y-axis : We know that

1
1-4|—
y = (4
=]-1
s |y=0

y-axis at (-1, 0).

ing value of 1, for which one variable is finite and other
1 to axes are not possible.
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s the following In parametric form using the given substitution. Then sketc

"‘w*,z+y-0,x-y=l

SR -2 + 2 47 = 0
.wd:(x_y)z,,,y:o Also, x - y = ¢
3 4y=0 = x+11=y
y=-'2 = [ x=t-4?
(1) Intercepts :

5 Ipt:l,my.-.o,wegc:t0=t

x=0

&x,-Ois»mqui
rm:pmx.-.-o,wegc(

0=t(1 -1
y=0 y=-1

,s",,y-0|ndy=—lmrﬁlmm
_qug--‘lmns




(2) Extent : We know that

2
|
-=120
2
_(t-..]_) <0 1220
X 2
i t+lJSO = -12<0
— e dea 4
\
- -t2+t—ZlSO Ly SY
1
2
t—-t1°"<—
4
Jcsl
4
(3) Tangent parallel to axes :
Uyl 21
dc  1-2
Tangent parallel to x-axis : We knowt hat
ﬂ =0,if2r=0ifr =0
dx

So, [x=0| and |y=0

So, tangent parallel to x-axis at (0, 0)

Tangent parallel to y-axis : We know that

ﬂ—-) if 2 — oo,
dx 1-2¢
if 1 —2tr=0,
if 2¢t =21,
ift=1,
2
e e
Oy AT
1
xX=—
4

: 1 1
So, we get tangent parallel to y-axis at (Z - ZJ



to axes :
find any limiting value of 1, for which one variable is finite @
asymptotes parallel to axes are not possible.

nd other

H
My—’“ﬂﬂdy-—)m,

ibility of oblique asymptotes which is given by
4+ C

. 4
:?»,'.‘.'.“.. (l —2:)

| -2t
,11.'“... (t (/- 2)}

x v‘“m (y'_ m) o “m (y e X)

Tty

e

&)
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> M) : | |
) pcnmﬂnc equation of Cyclod.

x=a(0-sin0), y=a(l -cosb)

SPL, April-2010,

Proof :
If a circle with centre C and
radius ‘a’ rolls along X-axis as
shown in fig.

At starting, fixed point P is at
origin 0. Let P(x, y) be any

point on cycloid. P

Rotate radius CP through angle
0 as shown in fig.

Prove that a cycloid obtain by rolling & ciecle of jadise 4" i giver |,

A JIT
\//\(Iul.ll A




N —

neul V?I“‘::Mh’ PM L X-axis and PQ) .LCN, CN = PC = a.
= ab (‘°. arc length = radiug X anglc)

# ;. PQ=asin6 P dQ

. sy
e ,5 arc length PN = a0

i Also,

B Lns -y y - PM
= CN - CQ
= a_— acos

y =a (1 - cosB)

i M) y =a (1 = cosB) are required parametric equation of cycloid.
V) .
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